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Abstract. This paper discussed the global existence of the smoothing solution for the Navier- 
^^ ■ Stokes equations. At first, we construct the theory of the linear equations which is about the 

unknown four variables functions with constant coefficients. Secondly, we use this theory 
to convert the Navier-Stokes equations into the simultaneous of the first order linear partial 
differential equations with constant coefficients and the quadratic equations. Thirdly, we use 
the Fourier transformation to convert the first order linear partial differential equations with 
Qh ' constant coefficients into the linear equations, and we get the explicit general solution of it. 

At last, we convert the quadratic equations into the integral equations or the question to find 



< 

i -^ ' the fixed-point of a continuous mapping. We use the theories about the Poisson's equation, 



a 



X 



the heat-conduct equation, the Schauder fixed-point theorem to prove that the fixed-point is 
exist, hence the smoothing solution for the Navier-Stokes equations is globally exist. 
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l>! ■ 1 Introduction 

O 



We consider the dynamical equations for an viscous and incompressible fluid just as follows. 

divu = (1.1) 



du ^ du 1 

— - pAu + ) ^u k - V-gradp = F (1.2) 

where u = (u\, U2, U3) is the velocity vector, it is the macro motion velocity of the material particle. 
p is the dynamic viscosity coefficient, we assume it is a constant, p is the density of the material 
particle, it is the mass of per volume fluid. Because the fluid is incompressible, we can assume p 
is a constant, too. p is intensity of the pressure, it is the pressure on per area fluid, the direction 
is perpendicular to such area. F = (i 7 !, F2, F3) is the density of the body force, it is the external 
force of per unit mass, u = (u\, u?, U3) and p, F are all functions on the variables of the time t 

1 

and position x = (x\, X2, £3) • We assume r = - , r is called the specific volume of the fluid, it is 

P 
just the volume of per unit mass. These equations are the second order partial differential equations 

about four unknown functions: u = (ui, U2, ^3) , p , and they are completed. These equations are 

called the Navier-Stokes equations. 



In order to discuss it more conveniently, we often rewrite the Navier-Stokes equations as follows. 

du\ du 2 du 3 
dxi dx 2 dx 3 
duj d 2 Uj d 2 Uj d 2 Uj 3 duj dp 

w~^ + i^ + ii4 )+ ^ i ut i^ +T i^r F '- i=l - 2 -^ (L4) 

And we assume as follows. 

Assumption 1.1 (l)We only discuss the Navier-Stokes equations on the region as follows, 

t G [0, T], T is given, (xi, x 2 , x 3 ) G K\ , K± is a bounded and closed set in -R 3 , and when t is 

not in [0, T], or (x\, X2, x 3 ) T is not in K\ , Uj = , p = , Fj = , j = 1 , 2 , 3 . 

(2)In the region K[ = [0, T] x K ± , Uj G C 2 , p £ C l , Fj £ C 1 , j = 1 , 2 , 3 . 

(3)The boundary of K\ , dK\ satisfies the exterior ball condition, V (xi, X2, X3) € 9-ffi , i/iere exists 

a ball B p {y) C R 3 \K^ , such that B p {y) C\K 1 = (xi, x 2 , x 3 ) T , where y = (y 1 , y 2 , y 3 ) T , B p {y) = 

{z G R 3 \ \z — y\ < p , p > 0} , AT^ is the interior of K\ . 

(4) K\ and Fj , j = 1 , 2 , 3 , satisfy the following, 

max{ \F- 1 (a%Yi)\ AF^ia^YA] AF" 1 (a^YAF- 1 (a^YAW < — w ; — r- , 

i<j<9 X ' v ]l lJl '' v ]2 in '' v ]l u v l2 1,u ~ M Tt3 M(K 1 )(2e + M T>3 M(K 1 )) ' 

where < 6 < 1 , and F~ l (aJ 1 Yi) , F~ 1 (aJ 2 Yi) , M T , 3 , M(K{) will be defined in the section 3. 

After that we will show that the smoothing solution for the Navier-Stokes equations is globally exist 
in the region K[ . 

2 Main conclusion 

Theorem 2.1 We consider the linear equations as follows. 

AX = f3 , 
where A = (ajj) mxs G R mxs is a constant matrix, 

X = (X 1 (xi, x 2 , x 3 , t), X 2 (xi, x 2 , x 3 , t), ■■■ , X s (x 1 , x 2 , x 3 , t)) 
is the unknown s dimensional four variables functional vector, 

rp 

(3 = (bi(xi, x 2 , x 3 , t), b 2 (xi, X2, x 3 , t), ••• , b m (xx, x 2 , x 3 , t)) 

is the known m dimensional four variables functional vector. 

We can get the following conclusions. 

(1)A necessary and sufficient condition for the existence of the solution of this equations is 

V (xi, X2, x 3 , t) G R , rank(A, /3(xi, x 2 , x 3 , t)) = rank (A) , 

where /3(cci, x 2 , x 3 , t) is the value of (3 , when (xi, x 2 , x 3 , t) T is given. 

(2)If the solution of this equations is exist, rank(A) = r, r < s , Xq is a particular solution of this 

equations, and the constant linearly independent solutions of the equations AX = are 

f]\ 1 V2 j " " i Vs-r > we denote A{rj) = [7/1 , r) 2 , ■ ■ ■ , rj s _ r ] , then its general solution can be expressed 

as 

X = X + A(r / )Z 1 , 

where Z\ is the arbitrary s — r dimensional four variables functional vector. 



Theorem 2.2 If u\, U2, M3 £ C 2 , p 6 C 1 , F±, F2, F 3 E C 1 , the Navier-Stokes equations can be 
converted into the simultaneous of the first order linear partial differential equations with constant 
coefficients and the quadratic equations, just as the following. 



d{HZ + h) 

di 
d{HZ + h) 

dxi 



H Z + h 

HiZ , i = 1, 2, 3. 



where 



eZ 7 Z=(t%Z)(-a$Z), el 8 Z = (eJZ)(elZ), eJ 9 Z = (e^Z)(e^Z), 
e T m Z = {elZ){e\Z\ e^Z = (eJZ)(e^Z), e\ 2 Z = (e^Z^eJ Z), 
[e^Z = {elZ){elZ\ e&Z = ($Z)(<$Z), e^Z = (e n Z)(ef Z) , 



H = (-ai, -a 2 , -a 3 , -a 4 , ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , eg, ei , en, ei 6 ) , 
-Ho = (e2i, ei 7 , e 2 7, e 37 , e 22 , e 2 3, -«2, e 3 i, e 32 , e 33 , -a 3 , e 4 i, e 42 , e 43 , -a 4 , e i2 ) 
Hi = (eis, e 2 i, e 3 i, e 4 i, e 24 , e 2 5, — «i, e 2 8, e 34 , e 3 5, e 4 , e 3 s, e 44 , e 4 5, es, ei 3 ) , 
-f^2 = (e 24 , e 22 , e 32 , e 42 , eig, e 2 6, ei, e 34 , e 2 g, e 3 6, es, e 44 , e 3 g, e 4 6, eg, eu) , 
#3 = ( e 25> e 23 , e 33 , e 43 , e 2 6, e 2 o, e 2 , e 3 5, e 3 6, e 3 o, e%, e 4 5, e 4 6, e 4 o, eio, e^) , 
ai = (0 4 , 1, 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 



(2.1) 



(2.2) 



a 2 = (O12, r, 4 , -fi, -fi, -fi, 26 , 1, 1, 1, 6 ) J 



as = (O13, 7", O13, -//, -/i, 
a 4 = (O14, r, 22 , -/i, -/i, 



-At, O19, 1, 1, 1, 3 ) J 
-/i, n , 0, 1, 1, 1) T 



andei is the ith 55 dimensional unit coordinate vector, 1 < i < 55 , ho = (Oq, F±, 3 , F 2 , 3 , F 3 , 0) T , 
h = (0, i*i, -F 2 , i<3, 0i 2 ) T , Z is an unknown 55 dimensional functional vector. Moreover 

(e 3 , e 7 , en, ei 6 ) T Z = (ui, u 2 , u 3 , p) T 

is the solution of the Navier-Stokes equations. 

Theorem 2.3 We consider the first order linear partial differential equations with constant coef- 
ficients and the quadratic equations in the theorem 2.2, moreover when t is not in [0, T] , or 
(xi, X2, x 3 ) T is not in K\ , Z = , then we can get the following conclusions. 
(l)We can use the Fourier transformation to convert (2.1) into the linear equations as follows. 



( i£ H -H \ 
iiiH - Hi 
i£ 2 H - H 2 

\ i&H -H 3 j 



F(Z) 



( F(ho) - it F(h) \ 
-i£iF(h) 
-i&F(h) 



\ 



(2.3) 



where 



F{Z)= I Ze-^ ot - i ^=^^dtdxidx 2 dx 3 , 

JR l 

F{h)= I he-^ ot - i ^=^^dtdxidx2dx 3 , 
Jr 4 

F(h )= f h e~ i ^ t ~ l ^Ui^dtdx 1 dx2dx 3 . 

Jr* 

We can get the explicit general solution of it, 

F(Z) = Y 1 + Ai( V )Zi ,orZ = F~ l (Yi + Aifa)Zi) 



where 
Y\ = (i&V3, ^32/3, 2/3, i€iV7, i^2V7, i%3V7, 2/7, i£i2/n, i&yn, i&Vn, 2/n, 

i^oyw, i&yw, i&yie, i&yie, yie, (^o) 2 2/3, (*£i) 2 2/3, {i&fy-i, (^3) 2 2/3, ^0^12/3, 

^0*62/3, i£o*&2/3, iCi*6z/3, ^1^32/3, *6*62/3, (i£o) 2 2/7, («£i) 2 2/7, (i6) 2 2/7, («'6) 2 2/7, 
^62/7, iCoibyj, iZoi&yr, ^62/7, ^1^32/7, ^62/7, (i£o) 2 2/n, 0£i) 2 2/n, («6) 2 2/n, 
(i6) 2 2/n, ^o«Ci2/n, ^0^22/n, ^o^32/n, i£i^22/n, i£i^32/n, ^62/11, 0^ xl ) T , 



and 



2/3 = 



2/7 = 

2/11 

2/16 



a 2 or ar 

i&tei^CFi) + i6F(F 2 ) + i^O^)) ^2) 



a 2 6r ar 

a 2 6r ar 

aor 



where 



/4(»6) 2 + fe) 2 + (^ 3 ) 2 ]-^o /n , (*6) 2 + (*6) 2 + fe) 2 , n 

r a 



waen (£ l5 £ 2 , £ 3 ) / . ^1(77) = (771, ?? 2 , %, »74, %, %, ?77, %, %) , a™d 

??j = (^22/3, ^32/3, 2/3, ^12/7, ^22/7, ^32/7, 2/7, «£l2/ll, ^22/11, ^32/11, 2/11, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (^o) 2 2/3, («£l) 2 2/3, («6) 2 2/3, fe)^, ^0^1 2/3, 
^0^22/3, ^0^32/3, ^1^22/3, i£l^32/3, ^2^32/3, (^o) 2 J/7, O'COV, (^2) 2 2/7, (^V, 

^0^12/7, i^o«C22/7, ^0^32/7, i£i^22/7, ^1^32/7, ^2^32/7, («'£o) 2 2/li, (i£i)Vl, (i6) 2 2/n, 
(^3) 2 2/n, ^0^12/11, ^0^22/11, ^o^32/ii, ^1^22/11, «6^32/n, ^2^32/n, eJ) T , 

Ziere &j is £/ie j£n 9 dimensional unit coordinate vector, 1 < j < 9 , moreover when 7 = 1, 2, 3 , 

£1 1 - i£i*6 - i£i«6 - i£i 

2/3 = -5T" H , 2/7 = 57; , 2/11 = 2T , 2/16 = — r— , 

a z or ar a z or a z or aor 



w/ien j = 4, 5, 6 , 



C2 ! ~ *£i*& - «6^3 - «6 



2/7 = ^TT- H , 2/3 = 9T , 2/11 = 77 , 2/16 



a z or ar a z or a z or aor 

w/ien j = 7, 8, 9 , 



£3 ! ~ *6.*& - ^2^3 - »& 

2/11 = -57- H > 2/3 = 9T > 2/7 = 9T ! 2/16 



9, ' , WO n, I »l 97 , »1U , 

a z br ar a z br a A br aor 

Z\ = (^ij)gxi , moreover we assume 

F- 1 (Y X + Aifa)ZiI {Klj ?2 , Cs)#0} ) = F- 1 ^ + Ai(^)Zi) , 

and Zi G fii , where 

«i = {Zili?^- 1 ^ +Ai(»7)Zi)] = fl-^-^yi + Ai^Zi)]/^/ e C 1 ^).} . 



(2) We can convert (2.2) into the integral equations as follows, 



(Z U = F[F 

Z 12 = F[F- 
Z 13 = F[F- 
Z u = F[F- 
Z 15 = F[F- 
Zi 6 = F[F 
Z 17 = F[F- 
Z 18 = F[F- 
Z 19 = F[F- 



- 1 (eJ(Y 1 

'HejAYi 
'HeUYi 



+ A 1 ( V )Z 1 ))F- 1 (-af(Y 1 + A 1 {r } )Z 1 ))] = f x (Z x ) 
+ A 1 (r,)Z 1 ))F-HeJ(Y 1 +A 1 (r ] )Z 1 ))} = f 2 (Z 1 ) , 
+ A 1 ( V )Z 1 ))F- 1 (e 2 r (Y 1 +A 1 ( V )Z 1 ))]=MZ 1 ) , 
+ A l {r ] )Z l ))F- 1 {el{Y 1 + A l {r ] )Z l ))] = U{Z X ) , 
+ A 1 (i 1 )Z 1 ))F~ 1 (eJ(Yi +A 1 (r,)Z 1 ))] = f 5 (Z l ) , 
+ A 1 (n)Z 1 ))F^(eJ(Y 1 + A 1 (r,)Z 1 ))] = f 6 (Z l ) , 
+ A 1 (r ] )Z 1 ))F~ 1 (el(Y 1 +A 1 (r ] )Z 1 ))] = ^(Z 1 ) , 
+ A 1 (n)Z 1 ))F- 1 (eUYi+A 1 (r ] )Z 1 ))] = f % {Z{) , 
+ A 1 (r ] )Z 1 ))F- 1 (eJ (Y 1 +A 1 ( V )Zi))] = h{Z x ) . 



(2.4) 



This is also the question to find the fixed-points of f(Z\) , where f(Z\) = (fj(Zi))g x i ■ We can 
use the theories about the Poisson's equation, the heat-conduct equation, the Schauder fixed-point 
theorem to prove that the fixed-point is exist in the region K[ , and the smoothing solution for the 
Navier-Stokes equations is globally exist in the region K[ . 

3 Proof 

Proof of theorem2-l. (l)Necessity. Because the solution of AX = (3 is exist, we assume the 
particular solution is Xq , then V (x\, x 2 , x 3 , t) £ R A , we know that 



AX Q {x\, x 2 , x 3 , t) =/?(xi, x 2 , x 3 , t) 



satisfies, 



X (xi, x 2 , x 3 , t) and/5(xi, x 2 , x 3 , t) 
are values of Xq and /3 , when (xi, x 2 , x 3 , t) T is given. Hence 

rank(A, (3(x\, x 2 , x 3 , t)) = rank(A), V (xi, x 2 , x 3 , t) £ R 4 . 

Sufficiency. Because V (xi, x 2 , x 3 , t) T S R A , we can get 

rank(A, (3(xi, x 2 , x 3 , t)) = rank(A) , 

then the solution of 

AX = /3(»i, x 2 , x 3 , t) 

is exist. We assume the particular solution is Xq(x\, x 2 , x 3 , t) , then V (x\, x 2 , x 3 , t) T 6 i? 4 , 
we let 

X = (Xi(x!, x 2 , x 3 , t), X 2 (xi, x 2 , x 3 , t), ••• , X s (xi, x 2 , x 3 , t)) =X (X!, x 2 , x 3 , t) , 

and we can get X satisfies AX = ft . 

(2)When the solution of AX = /3 is exist, we assume Xq is a particular solution, X is the arbitrary 

solution of this equations, then V (x\, x 2 , x 3 , t) T S fi 4 , we can get 



A(X(xi, x 2 , x 3 , t) - X (xi, x 2 , x 3 , t)) = , 



according to the linear equations theory, there exists a unique team of real numbers 
such that 



X(xi, x 2 , x 3 , t)-X (xi, x 2 , x 3 , t) = Cirji + C 2 r/ 2 H \- C s - r rj s 



we let 



then 



Z 1 (x 1 , x 2 , x 3 , t) = (Ci, C 2 , 



(^s—r) 



X(xi, x 2 , x 3 , t) = X (xi, x 2 , x 3 , t)+ A(t))Zi (x±, x 2 , x 3 , t) 
Because (xi, x 2 , x 3 , t) T is arbitrary, we can learn that 

X = X + A{rj)Z x . 

On the other hand 



A[X + A{rj)Z x ] =(3 + 0Z 1 = (3 



This is to say 



vzi , x + A(n)z 1 

is the solution of the equation AX = (3 . Hence 

X + A(r,)Z l 

is the general solution of the equation AX = (3 . 

Proof of theorem2-2. We can rewrite the Navier-Stokes equations as following. 



AX = p , 



where 



.4 



V 



1. 


0. 


0. 


0. 


o 4 , 


1, 


o 4 , 


1, 


0. 


0. 


0, 


0. 


0. 


0. 


039 \ 


0. 


1. 


0. 


0. 


0l2, 


T, 


0i. 


-A». 


-A*> 


-/*, 


26 , 


1. 


1. 


1. 


o 6 


0. 


0. 


1, 


0. 


0l3, 


r, 


0l3, 


~A*> 


-M, 


-M, 


0l9, 


1, 


1. 


1, 


03 


0. 


0. 


0. 


1, 


0i4, 


r, 


O22, 


~A*» 


-A*. 


-M, 


On, 


0. 


1, 


1, 


1 ) 



4x59 



n is the row vector which is made up of n zeroes, X includes iti, u 2 , u 3 , p and all their first order 
partial derivative, and all the second order partial derivative of m, u 2 , u 3 , and all the products 
which they are in the Navier-Stokes equations, 



X 



du\ du\ du 2 du 3 du\ du\ du 2 du 2 du 2 du 3 du 3 du 3 

\~r\ 3 n, 3 n, 3 rTT 3 TJ 5 TJ 5 ""I 3 TJ 3 TJ 3 TJ 3 ^2 3 TJ 3 ~o ' "o 

axi at at at ox 2 ox 3 ox\ ox 2 dx 3 ax\ dx 2 ox 3 

dp dp dp dp d 2 u\ d 2 u\ d 2 u\ d 2 u\ d 2 u\ d 2 u\ d 2 u\ 



dt ' dx\ ' dx 2 ' ax; 



, P 



dt 2 dx\ ' dx\ ' dx\ ' dtdxi ' dtdx 2 ' dtdx 3 



d 2 u\ d 2 ui d 2 ui d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 d 2 u 2 



dx\dx 2 ' dx\dx3 ' dx 2 dx3 ' dt 2 dx\ ' dx\ ' dx 2 ' dtdxi ' dtdx 2 ' dtdx3 

d 2 u 2 d 2 u 2 d 2 u 2 d 2 U3 d 2 U3 d 2 U3 d 2 U3 d 2 U3 d 2 U3 d 2 U3 

dx\dx 2 ' dx\dx3 ' dx 2 dx3 ' dt 2 dx 2 ' dx 2 , ' 9x 2 ' dtdx\ ' dtdx 2 ' dtdx3 

d 2 U3 d 2 U3 d 2 U3 du\ du\ du± du 2 du 2 du 2 

u l « — ' n 2« — , ^3 ~ — , «la — , U 2 - — , U 3 - — , 
OX\ OX 2 OX3 OX\ OX 2 OX3 



dx\dx 2 


8x18x3 ' 8x 2 8x3 


8U3 

ox 1 


8u 3 8u 3 

n 2^~ ' U 3^— ) : 

8x 2 0x3 



/3 = (0, F lf F 2 , F 3 ) . 
We can see that A = (F4, A\) , A\ is a 4 x 55 matrix. We assume Ai = [a\, a 2 , 03, CK4) , where 

ai = (0 4 , 1, 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 

OL 2 = (O12, T, 4 , -/i, -/i, -/i, 2 6, 1, 1, 1, 6 ) T , 
"3 = (0l3, T, O13, -/i, -/i, -fi, O19, 1, 1, 1, 3 ) T , 

a 4 = (O14, r, 22 , -/W, -/U, -/U, On, 0, 1, 1, 1) T . 

We let X = (0, Fi, F 2 , F 3 , 55 ) T , Afa) = ( ~ Al j , then AX = /3 , AAfa) = , and 

V E ^ / 59x55 
the columns of A(rj) are linear independent, so according to (2) in the theorem 2.2, we can get the 

general solution of AX = (3 as follows, 

X = X + A(r?)Z . 
We write the 59 components of X in details. 

8U\ _ <9ui T <9«2 r 9^3 _ 0Ml T 

8^ = - aiZ ^ = Fl - a2Z ^ = F2 - a3Z ^ =F3 - aiZ '8x-2 =eiZ ' 

du\ du 2 _ <9u 2 T <9u 2 „ „ 

— = e 2 Z,n 1 = e3 Z,— = e 4 Z, — = e 5 Z , — = e 6 Z , u 2 = e 7 Z , 

0U 3 r 3u 3 T BU3 T T dp dp 

dx~r e8Z ' dx- 2 =e * z > dx-3 =eioZ ' U3=enZ 'm =ei2Z 'dx-r ei3Z ' 

Op T dp _ 2 ni _ av r d 2 ui _ 

dx~ 2 - eiiZ > dx~3~ ei5Z ' P ~ ei6Z ' ~d^~ ei7Z ' ~dxJ- ei8Z ' ~dx[- ei9Z ' 

<9 2 -ui T <9 2 -ui T <9 2 «i T 9 2 ni T d 2 ui T 

~dxj = e2 ° z > dIdx~ l = e2lZ ' ^P 622 ^' 5t5^ = e23Z ' 9^a^ = e24Z ' 

9 2 ni T d 2 ui T d 2 u 2 T 8 2 u 2 T d 2 u 2 T 

dx^dx~ 3 = e252 '' d T x~ 2 ~dx~3 = e2 " Z '' ^t 2_ = e27Z ' a^f = e2s2, ~dxj = e292, 
d 2 u 2 T d 2 u 2 T d 2 u 2 T d 2 u 2 T d 2 u 2 T 

~dxj = e3 ° z > mdx~r e3lZ '' dIdx~ 2 = e32Z ' at5^ = e33Z ' 9^a^ = e34Z ' 

<9 2 u 2 _ 5 2 u 2 ^ 9 2 w 3 <9 2 m 3 <9 2 u 3 



9^^" e35Z ' a^^" 636 ' ^t 2- " 637 ' a^f " e38 '^i"" e3£ 



d 2 u 3 T d 2 u 3 

e A0 Z , 



dx 2 . 



d 2 



u 3 



dx±dx 3 

du 2 

dx\ 

du 3 



-45" 



dtdx\ 
d 2 u 3 



T ry 

e 41 Z 



d 2 u 3 
dtdxo 



el 2 Z 



d 2 u 3 
dtdx 3 



T ry 



d 2 u 3 
dx\dx<2 



eJ 4 Z 



dx 2 dx 3 
du 2 



3 46" 



"1 



' dxi 



dx\ 
du 2 



T - 

547" 



"2 



dxo 



3 48" 



U 3 



dx 3 



-49" 



du 3 



«i^ — = e5 Z , ^2^ — = ei x Z , u 3 - — = ef 2 Z , Ui^-— - = ei 3 Z , u 2 —^ 



S 



dm 



'dx? 



dx\ 



' dx- z 



3 54" 



«3 



dx ? . 



T ry 

e 55 Z 



here ei is the ith 55 dimensional unit coordinate vector, 1 < i < 55 . There are 9 quadratic items, 
hence we can get 9 quadratic constraints which Z need to satisfy just as following: 



e T A1 Z={elZ){-a T x Z), eJ 8 Z = (ef Z){e\Z\ eJ 9 Z = (e^Z)^ Z), 
e% Z=(4Z)(<$Z), e% 1 Z=(#Z)(e%Z), eJ 2 Z = (e^Z)(^Z), 
t&Z = (<$Z)(<$Z), e^Z = (%Z){t$Z), e^Z = (e^Z)(ef Z). 



(3.1) 



Because u\, u 2 , u 3 6 C 2 , p € C 1 , we can get 46 differential constraints which Z need to satisfy 
just as following: 



m z ) 

dx\ 

d{e T 3 Z) 



-afZ 



djeJZ) 
dt 



Fi 



T7 W 

Q 2 Z , 



dt 



Fo 



a T 3 Z 



d{e\ x Z) 



dx 2 

; 11" 



d(elZ 



dx\ 
d(eJ 6 Z) 

dx 2 
9 2 (eTZ) 

dx 2 
d 2 (e T 3 Z) 
dx\dx 3 
8 2 (e^Z) 

dx 2 
d 2 (eJZ) 
dx\dx 3 
d\e\ x Z) 

dx 2 

<9xi<9:e3 



efZ 



elZ 



T ry 

e u Z 



e 20 Z 



-25" 



e 30 Z 



-35" 



e 40 Z 



3 45" 



g(jj) _ 

dx 3 
d(e^Z) 

dx 2 
d(eJ 6 Z) 

dx 3 
d 2 (e T 3 Z) 

dtdx\ 
d 2 {e T 3 Z) 
dx 2 dx 3 
d 2 (eJZ) 

dtdx\ 
d 2 (eJZ) 
dx 2 dx 3 
d 2 {e T xl Z) 

dtdx\ 
d\e\ x Z) 



T7 d(eJZ) 
e 2 Z , 



T ry 

e 9 Z , 



3 15" 



eZZ 



-21" 



-26" 



4iZ 



-36" 



T ry 

e 41 Z 



dx\ 

djeJ.Z) 
dx 3 
d 2 (eJZ) 

dt 2 
9 2 {elZ) _ 

dtdx 2 
d 2 (eT?Z) 
' dt 2 
8 2 {eJZ) _ 

dtdx 2 
d 2 {e T u Z) 

' dt 2 

d\e\ x Z) 
dtdx 2 



T7 d&Z) 

e 4 Z , 



dx 2 



eJZ , 



dt 

d(eJZ) 
dx 3 



T ry 

a A Z 



e%Z 



d{el,Z) d(eJ 6 Z) 



; 10" 



^ 



e oZ 



-22" 



3 27" 



e 32 Z 



-37" 



e^Z 



dx 2 
d\ejZ) 

dtdx 3 
d 2 (e^Z) 

dx 2 
d 2 (e^Z) 

dtdx 3 

dHe^Z) 

dx 2 

fe?i- 



; 12" 



fe 



3 18" 



eToZ 



-23" 



=r - 

-28" 



e 33 Z 



-38" 



^fef.Z) 



a^z) = 
a^z)_ 

dx\dx 2 

d 2 {e?Z) 

dx\ 

d 2 (e?Z) 

dx\dx 2 

d\e\ x Z) 

dx 2 
2/sr 



T ry 

e 19 Z , 



eLZ 



-24" 



-29" 



e^Z 



T ry 

e 39 Z , 



dtdx? 



-43" 



& -^l = e T Z 
dx\dx 2 44 



T ry 

e m Z . 



dx 2 dx 3 

Because the second order partial derivative can be taken as the partial derivative of the first order 
partial derivative, and u±, u 2 , u 3 S C 2 , we can learn that their second order mixed partial derivatives 



are equal, the above differential constraints are equivalent to 64 first order differential constraints as 
follows: 

9(eIZ) d(e$Z) g(jg d&Z) 

-^-=- ai Z, -^^ = Fl -a 2 Z, —^ = F 2 -a 3 Z,—^ = F 3 -a 4 Z, 

d(eJZ) d(eJZ) q(efZ) q(efZ) d($Z) 

e i Z > -5^- = e 2 ^ > -^— = e 4 ^ , ^r— = e 5 ^ , -5— = e 6 Z , 



9x2 9x3 dx\ dx 2 8x3 

e 8 Z ) n = e 9 Z ' n = e 10 Z ) KL = e Yl Z ) ~ ^ = e 13 Z > 



~^r~ esZ ' ~^~~ e9Z ' ^^ _ei ° z ' ^9^" ei2Z ' ^r 






~^r _ei9Z ' ^^T" e2 ° z ' 9^ " at " e2lZ 



gCgi - a$Z) _ djeJZ) T d(F\ - a\Z) _ d{e\Z) T 

9x 2 ~ dt " e22Z ' dx* - dt " e23 



2 in cx'3 

d(-aJZ) _ djeJZ) _ ^ d(-aJZ) _ d{e T 2 Z) _ ^ ^ d(eJZ) _ djgZ) _ ^ 
dx 2 dxi 24 : 9x3 dxi 25 dx 3 8x2 26 

d(F 2 - g$Z) T djejZ) 9(eJZ) T 9(e^Z) T 

^ " C27Z ' ^F^T" 62 ^' ^FJT" 62 ^' ^x^" e3 ° Z ' 

0(F 3 -afZ) 8(eJZ) d{F 2 - a \Z) d{e\Z) 



"31^ J HI ~ EI ~ e 32' 



9xi 5t dl ' Sx 2 dt 

d(F 2 - ajZ) _ djeJZ) T djeJZ) _ d(e^Z) T djeJZ) _ d{e%Z) T 

dx~ 3 -—dT-^' ~dx~2~ ~ ~dxT ~ e * A ' ^x^"^^T" e35Z ' 

9(e^Z) _ 9(^Z) T d(F 3 - ajZ) T d{ejZ) T d{e?Z) T 

~9x7~ ~ ~dxV~ ~ ^ ' dt " e3?z ' ^^r _e38Z '^x^" e39Z ' 

d(eJ Z) T d(F 3 - a\Z) d($Z) T d(F 3 - a\Z) d{e T 9 Z) T 

~^s~- eA ° Z ' dx\ -^^- C4lZ ' dx~ 2 -^^- C42Z ' 

d(F 3 - ajZ) d(eJ Z) g(jg) a(e^Z) T a(eJZ) a( e f z) T 

dx~ 3 - ~^r - e4sZ ' ~3xV ~dxV " e44 ' ^^r ^^r " e45 

5(e^) a(ef Z) 



ele^ • 



5X3 9X2 

We write them into the equations, we assume 

du\ du\ du 2 du 3 du\ du\ du 2 du 2 du 2 du 3 du 3 du 3 

axi at at at ax2 ax3 ox\ 0x2 0x3 ox\ 0x2 0x3 

H= (-ai, -a 2 , -«3, -«4, ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , eg, e 10 , en, ei 6 ) , 
/i = (0, i*i, F 2 , F3, O12) 71 , then we can get U = HZ + h , moreover we assume 

Ho = (e2i, en, e 2 7, e 37 , e 2 2, e 2 3, -«2, e 3 i, e 32 , e 33 , -a 3 , e 4 i, e 42 , e 43 , -a 4 , ei 2 ) , 

-H"i = ( e i83 621, e3i, e 4 i, e2 4 , e25, — ai, e28, e3 4 , 635, e 4 , e38, e 44 , e 4 5, e%, ei$) , 

i^2 = (e24 5 622, 632, e 4 2, eig, e26, ei, e3 4 , e29, e36, es, e 44 , 639, e 4 6, eg, ei 4 ) , 

H3 = (e25, e23, 633, e 4 3, e26, e2o, ei, 635, e36, e3o, e6, e 4 5, e 4 6, e 4 o, eio, eis) , 



h = (0 6 , Fi, 3 , F 2 , 3 , F 3 , 0) T , then we can get 

( 



dU 

— = H Z + h 

? (3- 2 ) 

— = HiZ,i = l,2, 3, 

OXi 



or 

' d(HZ + h) 



H Z + /jo 



5t (3.3) 



I d{HZ + /i) 



HiZ , i = 1, 2, 3. 



I 5xj 

Now we have converted the Navier-Stokes equations into the simultaneous of the first order linear 
partial differential equations with constant coefficients (3.3) and 9 quadratic polynomial equations 
(3.1). 

And we get a necessary condition for the existence of the solution of the Navier-Stokes equations as 
follows, 3 55 dimensional four variables functional vector Z , such that Z satisfies the first order linear 
partial differential equations with constant coefficients (3.3) and 9 quadratic polynomial equations 
(3.1). 

In fact, this condition is also sufficient. If Z satisfies the above first order linear partial differential 
equations with constant coefficients (3.3) and 9 quadratic polynomial equations (3.1), we let 

(ui, u 2 , u 3 , pf = (e 3 , e 7 , en, e 16 ) T Z , 

then from (3.3) we can get U = HZ + h , where 

du\ dui du 2 du 3 du\ du\ du 2 du 2 du 2 811,3 du 3 c\t 3 

axi ot ot at ox 2 0x3 ox\ ox 2 0x3 ox\ ox 2 0x3 

dU dU 

again from (3.3) we can learn that — — = HqZ + ho , — — = H^Z , % = 1, 2, 3 , and from (3.1) we 

Ot OXi 

can get X = Xq + A(rj)Z , where X includes u±, u 2 , 113, p and all their first order partial derivative, 
and all the second order partial derivative of u\, u 2 , U3 , and all the products which they are in the 
Navier-Stokes equations, then we can get AX = f3 , this is just the Navier-Stokes equations. 
Hence we can get the corollary as follows. 

Corollary 3.1 // we assume u\, u 2 , U3 G C 2 , p € C 1 , F\, F 2 , F3 G C 1 , then a necessary 
and sufficient condition for the existence of the solution for the Navier-Stokes equations is that 3 55 
dimensional four variables functional vector Z , such that Z satisfies the first order linear partial 
differential equations with constant coefficients (3.3) and 9 quadratic equations (3.1). 

Under this circumstance, (u±, u 2 , U3, p) T = (e3, ej, en, eie) T Z is the solution of the Navier-Stokes 
equations, here e^ is the ith 55 dimensional unit coordinate vector, 1 < i < 55 . 

Proof of theorem2-3. (1) Under the assumption (1.1) and from the theorem 2.2, we can learn that 
when t is not in [0 , T] , or (x\, x 2 , X3) is not in K\ , Z = , hence Z can do the Fourier trans- 
formation with t , x\ , x 2 , X3 , we use the Fourier transformation to convert (2.1) into the linear 
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equations as follows. 



i&H - Hi 

i&H - H 2 

\ i&H -H 3 J 



F(Z) 



( F(h ) - iC F(h) \ 
-iCiF(h) 
-%&F(h) 
-i£ 3 F(h) 



(3.4) 



where 



F(Z)= J Ze^ ot ' i ^^^ x 'dtdxidx 2 dx 3 , 
Jr. 4 

F(h)= [ he-^ ot - i ^U^ x idtdxidx 2 dx 3 , 

Jr. 4 

F(h )= I h e^ ot ^ i ^U^^dtdx 1 dx 2 dx 3 
Jr 4 



We assume that 



B 



( ii H - H N 
itlH - Hi 
i&H - H 2 

\ i&H -H 3 J 



G 



64x55 



I F(h ) - i^ F(h) \ 
-i^F(h) 
-i&F(h) 
-i&F(h) 



64x1 



next we solve the linear equations BY = G , where Y = (2/5)55x1 • We can get rank(B) = 46 , when 
(£1 ) £2 > £3) 7^ , moreover the first 46 columns are linear independent. 
We write out all the rows of the matrix B. 



-i£oaT ~ e 21 , -i£ioq - 


efs J -^2«T 


e 24 ) 


-i£ 3 ai - 


p T 

e 25 > 


-iCoaJ - ef 7 , -i£ia 2 - 


eji , ~i&a 2 


e 22 J 


-i&al - 


e 23 ' 


-i£ a 3 - e 27 , -i£ia 3 - 


eli , -i6«3 


e 32 j 


-^3«3 " 


p T 
e 33 j 


-i£ aj - e 37 , -i£i«4 " 


eli > -^2«4 


_ e 42 , - 


-i^ 3 «4 - 


e 43 j 


i£oeJ ~ e 22 


rp rp 

*?l e l ~~ e 24 


«6ef - ef 9 , 


s'&ef - 


e 26 J 




i£,oe 2 - e 23 


rp rp 

Kl e 2 ~~ e 25 


«6e 2 r - e^g , 


^e^ - 


e 20 J 




i£ e 3 + a 2 


ifteg + of , 


i&e 3 - ef , 


^se^ - 


P T 
e 2 ) 




^oej - e 31 


K1&4 ~ ^28 


«6el - e 34 , 


^3 el - 


P T 
e 35 ) 




^oej - e T 32 


^l e 5 ~~ e 34 


^64 - e 29 , 


i&l - 


p T 
e 36 ) 




ii^l - ej 3 


^l e 6 ~~ e 35 


^64 - ele , 


i&ee ~ 


e 30 ) 




i£ ej + a 3 


rp rp 

«£ie 7 - e 4 , 


i6ef - e«[ , 


^3ef - 


s 6 ) 




i£oe£ - e\\ 


^l e 8 ~~ e 38 


2s2Cg — 644 , 


i&l ~ 


P T 

e 45 ' 




z sO e 9 ~~ e 42 




*'6eg - egg , 


i&l ~ 


e 46 J 




KoCio — e 43 


T"i rp 

j ^l e 10 ~~ e 45 


, ^2eio — e 46 


, i&eJo 


— e 40 , 




iCoeJi + aj 


) ^Sl e ll ~~ e 8 


» ^2efi - el 


^3efi - 


p t 

e 10 ! 




iCoeJe ~ e i2 


T"i rp 

) ^l e 16 ~~ e 13 


> K2ei6 — e 14 


» i^eJe 


P T 

e 15 j 
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where ei is the ith 55 dimensional unit coordinate vector, 1 < i < 55 , and 

ai = (0 4 , 1, 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 

«2 = (0l2, T, 4 , -fi, -fi, -fi, 26 , 1, 1, 1, 6 ) T , 
«3 = (0l3, T, O13, -/i, -|U, -(i, Oig, 1, 1, 1, 3 ) T , 

a 4 = (O14, r, 22 , -M> -A 4 ; "Mi °iii 0) !> !> !) T • 

First we let 2/47+ j_i = , 1 < j < 9 , we will show that the solution of BY = is only , when 

(£l> £2, £3) 7= , hence the first 46 columns are linear independent, and rank(B) > 46 . 

From the 7th row we can get y\ = i£22/3> 2/2 = *^3j/3i 2/5 + 2/io = — ^12/3 j an d from the first, the 

second, the 5th , the 6th rows, we can get y 18 = (i£i) 2 2/3, 2/19 = (i6) 2 2/3, 2/20 = (^3) 2 2/3, 2/13 = ^2/3 , 

where 

M[(«l) 2 + fe) 2 + (^3) 2 ]-^0 



r 
^2„ 



/o, 



when (£1, £ 2 , 6) ¥= ° 1 moreover y i7 = (i£ ) 2/3 , 2/21 = «£o^i2/3, 2/22 = ^0^2 2/3, 2/23 = ^0^32/3, 

2/24 = ^1^22/3, 2/25 = ^1^32/3, 2/26 = «6^32/3 • 

From the 11th row we can get j/4 = &£i2/7, 2/5 = ^22/7, 2/6 = ^32/7 , an d from the 8th, the third, the 
9th , the 10th rows, we can get y 2 8 = («6) 2 2/7, 2/29 = («6) 2 2/7, 2/30 = (^3) 2 2/7, 2/14 = ^2/7 , moreover 
2/27 = (^o) 2 2/7 , 2/31 = i£oi£lV7, 2/32 = i£,oi&V7, 2/33 = ^0^32/7, 2/34 = «6^22/7, 2/35 = ^1^32/7, 
2/36 = ^2^32/7 ■ 

From the 15th row we can get ys = *£i2/ii> 2/9 = ^22/11, 2/io — ^32/n , an d from the 12th, the 13th, 
the 14th , the 4th rows, we can get y 38 = (i£i) 2 2/n, 2/39 = (*6)Vi> 2/40 = (^3) 2 2/n, 2/15 = ayu , 
moreover y 37 = (i£o) 2 2/n , 2/41 = i£o«£i2/n, 2/42 = ^oi62/il, 2/43 = if 0*63/11, 2/44 = *'fi*62/n, 

2/45 = ^1^32/11, 2/46 = ^2^32/11- 

And from the last row, we can get y 12 = i£o2/i6, 2/13 = *fi2/i6, 2/14 = i&J/ie, 2/15 = ^32/16 • 
Because y 13 = ay 3 , y u = ay 7 , y 15 = ayu , we can get 



iil 


i& 


i& 


— 2/16, 2/7 = 
a 


— 2/16, 2/11 = 
a 


— 2/16 
a 



2/3 
From (y 5 + y 10 ) = y 5 + y 10 ; we can get —if 12/3 = i^22/7 + *'f32/il • This is equal to the following. 

Mi? fe) 2 fe) 2 

[ + + 2/16 = . 

o a a 

Hence y±Q = , when (£1, £2, £3) 7^ , and we can get y 3 = 0, 2/7 = 0, 2/n = , the solution of 

BY = is only , the first 46 columns are linear independent, and rank(B) > 46 . 

Next we will in turn let y^+j-i = 1, yt = 0, 47 < k < 55, k 7^ 47 + j — 1, 1 < j < 9 , we can work 

out 9 linear independent solutions of BY = , we assume they are r]j , 1 < j < 9 . This means that 

rank(B) < 46 , hence rank(B) = 46 , when (£1, £2, £3) 7^ . 

If we let y47 + j_i = 1, yt = 0, 47 < A; < 55, k 7^ 47 + j — 1, 1 < j < 3 , we only need to notice that 

1 i£i 1 

«2 Y w iH change into akY + \ , and 2/13 = if 12/16 = «2/3 , then we can get y 3 = — y\§ -\ , and 

r a ar 

i£,2 *f3 

y-j = — yi6 , 2/11 = — 2/16 • Hence we can get the following, 
a a 

ifi ifi 

02/16 H = , or j/16 = — . 

ar aor 
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Moreover we can work out y 3 , 2/7 , y\\ and rjj , 1 < j < 3 . 

If we let 2/47+j-i = 1, 2/fc = 0, 47 < A; < 55, k 7^ 47 + j — 1, 4 < j < 6 , we only need to notice that 

1 " c 1 

aTy will change into a^V + 1 , and 2/14 = i£,2Vi& = ^2/7 , then we can get y-j = — yi6 H , and 

r a ar 

i£i i£ 3 

1/3 = — yi6 , J/11 = — 2/16 • Hence we can get the following, 
a a 

byw H = , or 2/16 = - -7- • 

ar aoT 

Moreover we can work out 2/3 , 2/7 , 2/11 an d Vj , 4 < j < 6 . 

If we let 2/47+j-i = 1, 2/fc = 0, 47 < A; < 55, A; 7^ 47 + j — 1, 7 < j < 9 , we only need to notice that 

„ 1 ^3 1 

ai Y will change into ai Y + 1 , and 2/15 = 263Z/I6 = oyn , then we can get 2/11 = — 2/16 H > 

r a ar 

and 2/3 = — 2/16 , 2/7 = — 2/16 • Hence we can get the following, 
a a 

»2/i6 H = , or 2/16 = 7- ■ 

ar aor 

Moreover we can work out 2/3 , 2/7 , 2/n an d % , 7 < j < 9 . 
We write rjj , 1 < j < 9 , as follows. 

Vj = (^22/3, ^32/3, 2/3, ^12/7, ^22/7, ^32/7, 2/7, ^12/11, ^22/11, ^32/11, 2/11, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (*6)) 2 2/3, (*6) 2 2/3, fe)^, 0'6) 2 2/3, ^0^12/3, 
*£o*'&2/3, ^0^32/3, ^1^22/3, «6^32/3, ^2^32/3, (^o) 2 2/7, (»£l) 2 ?/7, O^OV, (^3) 2 2/7, 
^0^12/7, ^0^22/7, ^0^32/7, ^1^22/7, ^1^32/7, ^2^32/7, («£o) 2 yil> (^l) 2 2/ll, (*6)Vl> 

(^3) 2 2/n, ^o«62/ii, ^62/11, ^o^32/n, ^1^22/n, ^1^32/n, «6^32/n, eJ) T , 
here e^ is the jtn 9 dimensional unit coordinate vector, 1 < j ' < 9 , moreover when j = 1, 2, 3 , 

£1 ! -*6.*6 -ifii& -»£i 



2/3 = -^t- H , 2/7 = 2l , 2/11 = 2TT - ! 2/16 



a 2 or ar a 2 for a 2 6r aor 

(i£i) 2 + (*6) 2 + fe) 2 

where o = / , when (£i, £2, £3) 7^ , when j = 4, 5, 6 , 

a 

£2 ! ~i£ii& -«'6^3 -«6 



»2 

2/7 = ^77- H , 2/3 = 777 , 2/11 = 97 , 2/16 



a z br ar a z br a z or aor 

when j = 7, 8, 9 , 

£3 ! -^1^3 -^2^3 "^3 

2/11 = ^77- H , 2/3 = oT , 2/7 = oT , 2/16 



a 2 6r ar ' a 2 6r a 2 6r a6r 

Finally we work out a particular solution Y\ of BY = G . We can see that 

G = (0, -i&FiFt), -i$ F(F 2 ), -i$ F(F 3 ), 2 , F(Fi), 3 , F(F 2 ), 3 , F(F 3 ), 0, 0, 
i^ 1 F(F 1 ), -i^F(F 2 ), -i^F(F 3 ), O12, 0, i&F{F{), -i&F(F 2 ), -i&F(F 3 ), 12 , 
0, i^ 3 F(F 1 ), -i£ 3 F(F 2 ), -i£ 3 F(F 3 ), 0i 2 ) T , 
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F(F X ) 
If we let 2/47+j-i = 0, 1 < j < 9 , then we can get yi 3 = i£i2/i6 = ay 3 -\ , yi 4 = i&yw 

T 

F(F 2 ) F(F 3 ) 
&2/7 H > and 7/15 = i&yie = ayn -\ . Hence we can get the following, 

r r 

iSlFiFi) + i&F(F 2 ) + i&F(F 3 ) itiFiF!) + i&F(F 2 ) + i&F(F 3 ) 

byie = , or yi 6 = . 

ar abr 

Moreover we can work out y 3 , yj , yn and Y\ . 
We write Yi as follows. 

Y\ = (i&y 3 , i£ 3 y 3 , 2/3, ^12/7, 262/7, ^32/7, 2/7, ^12/11, ^22/11, ^32/n, 2/ii, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (i£o) 2 2/3, (i6) 2 2/3, («6) 2 2/3, (^3) 2 2/3, ^0^12/3, 
^0^22/3, ^0^32/3, «6«62/3, «6^32/3, ^2^32/3, (^o) 2 2/7, 06) 2 2/7, («6) 2 2/7, 0^3) 2 2/7, 

^oi£i2/7, i£oi&V7, ^o^32/7, itii&V7, ^1^32/7, «6^32/7, (^o) 2 2/n, (^i) 2 2/n, (^2) 2 2/n, 
(^3) 2 2/n, ^0^12/11, ^62/11, ^o^32/ii, «6^22/ii, ^i^32/ii, ^2^32/n, 0<Li) T , 



where 



2/3 = 



2/7 



2/11 



2/16 



a 2 6r or 

ifrteii^i) + ^2^2) + ^QFh)) ^2) 

a 2 6r or 

i&(i£iF(Fi) + ^2^2) + i&F(F 3 )) F(F 3 ) 



a 2 br ar 

i^ 1 F(F 1 ) + i£ 2 F(F 2 ) + ^(^3) 



And we can test such Yi satisfies -BYi = G . 

If we assume j4i(t/) = (771, 772, 7/3, ?/4, %, %, ^7, ^8, %) , then we can get the explicit general 

solutions of (3.4) as follows, 

F(Z)=Y l +A l (r,)Z l ,ot Z = F~ l (Y l +A l {r l )Z l ) , 

where Z\ = (Z\j)$ x i , moreover we assume 

F~ 1 (Y 1 + A 1 (r,)Z 1 I {{il> 6 , s 3)m ) = F-\Y 1 + A 1 ( V )Z 1 ) , 

and Z\ G S7j . Because Z need to satisfy 

HZ = HZI K[ £C l {K[) , 

we can get 

Ox = {^[F- 1 ^ + Aifa)Zi)] = fftF-Hyi+AiC^Zi)]/^ € C 1 ^)-} , where 
F= (-ai, -a 2 , -03, -«4, ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , e 9 , ei , en, ei 6 ) T . 
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(2)We can learn from (1) that F{e^ J+ - 1 Z) = Z\j , 1 < j < 9 , hence we can convert (2.2) into the 
integral equations as follows, 

'Z X1 = F[F- 1 (eT(Yi+A l (r,)Z l ))F- 1 (-aJ(Y l + A 1 (r l )Z 1 ))] = fi(Zi) , 
Z 12 = F[F~\$ (Y 1 + A l {i 1 )Z l ))F~\e T 1 {Y 1 + A 1 (r,)Z x ))\ = f 2 (Zi) , 
Z 13 = F[F-!(e?i(ri + A l (r,)Z l ))F-^(Y 1 + A 1 ( V )Z 1 ))] = HZ,) , 
Z u = Fp- 1 (($(¥! + A 1 (r ? )Z 1 ))F- 1 (eI(H + Ai{rj)Zi))\ = U(Z X ) , 
Z 15 = F[F-\$ {Y 1 + A 1 (r,)Z 1 ))F- 1 (^(Y 1 + A 1 (r j )Z 1 ))] = f 5 (Zi) 
Z 16 = F[F-\eUYi + A l ( v )Z l ))F- 1 (e^(Y 1 + A l ( V )Z 1 ))} = f 6 (Zi] 
Z 17 = F[F- 1 (eT(Y 1 +A l (r,)Z l ))F- 1 (e'£(Y 1 + A l (r,)Z l ))} = ^(Z 1 ) 
Z 1fi = FfF-^ef m + A 1 (r ? )Z 1 ))F- 1 (e^(yi + M^i))] = / 8 (^) 



< 



(3.5) 
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F[F~\eUYi +A 1 {r 1 )Z 1 ))F-\eUY l + A 1 ( V )Z 1 ))] = f 9 (Z 



This is also the question to find the fixed-points of f(Z\) , where f(Z\) = (/j(Zi))g x i . But we can 
not see immediately f(Z\) G Q,i , even if Z\ G fix ■ We need to attain this point first. We assume 
O2 as follows. 

n 2 = {Zi\3 hi = hiI K [ G C 1 ^) , such that Z x = F(hi) .} , 



where 



(h 



lj)9xl 






We will prove that O2 C £l\ and f(Z\) G f^ , if Zi G f^2 • We look at a lemma as follows. 

Lemma 3.1 V hi = hilxi G C(K[) , and hi satisfies the Holder condition, 3 h 2 = h 2 Ix' G 
C x [0, T]f]C°°(Ki) , such that F(hi) = a 2 brF{h 2 ), where 



M(*6) 2 + (*6) 2 + (*6) 2 ] 



^0 



(iCi) 2 + m 2 + m 2 

a = , u = , 

r a 

and hi satisfies the Holder condition means that 3C>0,0<a<l, such that 

\hi(x t ) - hi(x' t )\ = max \hij(x t ) - hij(x' t )\ < C\x t - x' t \ a , V x t , x' t G K [ . 
i<i<9 

Proof of lemmaS-1. We see that a 2 br = (/i[(^i) 2 + fe) 2 + («6) 2 ] - *£o)((«fi) 2 + fe) 2 + fe) 2 ) , 
hence this lemma is equivalent to V hi = hilx[ G C(K[) , and hi satisfies the Holder condition, 
3h 2 = h 2 I K[ G C^O, T] P| C°°(Ki) , such that 



' * d*h 



]= l k =l dx p x l 






, dtdx- 

3 =l J 



(3.6) 



If we let v = /uA/t2 — dh 2 /dt , then we convert (3.6) into follows, 

At; = hi , 



fj,Ah 2 



dh 2 
~~dt 



(3.7) 
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We see that (3.7) are the simultaneous of Poisson's equation and the heat-conduct equation, they 
are all classical mathematical-physics equations and h\ satisfies the Holder condition, the boundary 
of K\ , dK\ satisfies the exterior ball condition, we know their solutions are all exist. We can write 
h 2 as follows. 



«<i,*b) = -i£ 



hi(t,M) 

TMM 



dxidx 2 dx 3 , where M = (xi,x 2 ,x 3 ) , M = (x w ,x 2 o,x 30 ) , 



rMM = V( x l - x w) 2 + ( x 2 ~ x 2$) 2 + (x 3 ~ ^3o) 2 , 

h 2 (t, M) = {——y / — e «*<*-n> d yi dy 2 dy 3 dTi . 

We assume the measure of the boundary of K\ is , then we can get that h 2 satisfies (3.6) . Next 

we will prove h 2 = h 2 I K[ G C l [0, T] f| C°°(Ki) . 

First we can see v is continuous on the region K[ , and from 

, , (aJl-yi)~+(jJ2-y2) +(^3-^3) 

d k h 2 (t,M) l ^ /■* /■ v{r u y u y 2 ,y 3 ) d k e~ ^-n) 

dx^dx^dx^-^^Wjl' J Q J R3 (Vt^~i) 3 dx^dxfdxf may 2 ay 3 a n , 

where fc = a\ + 02 + 03 , a± , a 2 , 03 are all nonnegative integral numbers, we know h 2 = h 2 Ix' G 
C°°(i^i) . And because 

dh 2 

— = „Ah 2 -v, 

we know /i 2 = h 2 I K[ G C^O, T] f| C 00 ^) . 

We know hi satisfies the Holder condition if h\ = \i\Ik' G C (K[) > hence we can get the corollary 

as follows. 

Corollary 3.2 V h x = h x I K > G C l (K[) , 3 h 2 = h 2 I K[ G C 2 [0, T] f| C°°(Ki) , suc/t i/iat 
F(/ti) = a 2 bTF(h 2 ), where 

M(*£i) 2 + (*6) 2 + Ws) 2 ] - *£o , (i£i) 2 + fe) 2 + fe) 2 

a = , = . 

r a 

From the corollary 3.2 and the assumption 1.1 , we can get 3 Fji = Fj\Ik[ G C 2 [0, T] f]C°°(Ki) , 
such that F(Fj) = a 2 brF(Fji) , 1 < j < 3 . And we can get the following. 

F jl (t,M) = (——y / - r e *MCt-n) dyidy 2 dy 3 dn , 

F iv (t,M Q ) = — — / -^-? — '-dxidx 2 dx 3 , 1 < 7 < 3 . 
4vr y Ki r MMo 

Next we see i?[F _1 (li)] , where 

iJ = (-ai, -a 2 , -«3, -«4, ei, e 2 , e 3 , e 4 , e 5 , e 6 , e 7 , e 8 , e 9 , ei , en, ei 6 ) T , 

ai = (0 4 , 1, 4 , 1, 0, 0, 0, 0, 0, 0, 39 ) T , 

a 2 = (O12, r, 4 , -/i, -fj,, -fi, 26 , 1, 1, 1, 6 ) T , 

"3 = (O13, t, O13, -/i, -//, -/i, O19, 1, 1, 1, 3 ) T , 

a 4 = (O14, r, O22, -A*, -A*, -/«, On, 0, 1, 1, l) T , 
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and ei is the ith 55 dimensional unit coordinate vector, 1 < % < 55 , 

^l = (^22/3, i&y3, 2/3, i€iV7, i&V7, ^32/7, 2/7, ^i2/n, ^22/n, ^32/n, 2/ii, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (^o) 2 2/3, (^l) 2 2/3, (*6) 2 2/3, {^fy^ ^O^l2/3, 
«fo»&2/3, ^0^32/3, ^1^22/3, «6^32/3, ^2^32/3, (^o) 2 2/7, («6) 2 2/7, («6) 2 2/7, («6) 2 2/7, 

^oi?i2/7, i£o*&2/7, ^0^32/7, i£li&V7, ^1^32/7, «6^32/7, (^o) 2 2/n, (^i) 2 2/n, («6) 2 2/ii, 
(^3) 2 2/n, ^o^i2/ii, ^0*62/11) ^o^32/ii, «6^22/ii, ^1^32/n, «6^32/n, 0<Li) T , 



and 



2/3 



2/7 



2/ii 



2/16 



^ifeF(Ji) + ^^(Jb) + &F(F 3 )) F(Ji) 

a 2 6r ar 

iti(iZiF(F u ) + i&F(F 21 ) + i£ 3 F(F 3l )) - abF(F u ] 

iU^iFjF!) + ig 2 F(F 2 ) + ^ 3 F(F 3 )) F(F 2 ) 

a 2 6T ar 

^2(^1^(^11) + i&F(F 21 ) + i&F(F 3l )) - abF(F 21 ] 

i&teiFjFj) + ig 2 F(F 2 ) + gsn^)) F(F 3 ) 

a 2 6T ar 

^3(^1^(^11) + i&F{F 2X ) + i&F(F 31 )) - abF(F 31 ] 

zfrF(Fi) + zg 2 F(F 2 ) + i6F(F 3 ) 

a&r 
a(i£iF(F n ) + ^2^(^21) + i&F(F 3l )) . 



We assume iT[F 1 (Fi)] = Wi(F u , F 2 i, F 3i ) , where Wi(Fn, F 21 , F31) = (u>ij)i6xi , and we can 
get the following. 

wii = -(ej + efo)^ 1 ^) = -F- 1 (i62/7 + i&yn) , 

W12 = -[ref 3 - /i(ef 8 + ef 9 + 4 ) + ej 7 + e|g + eJ 9 ]F _1 (Yi) 

= -F-^riZme - /u[(i6) 2 + (*6) 2 + (^ 3 ) 2 ]2/ 3 } , 

W13 = ~[ Te U ~ M(e 2 8 + e 29 + e lo) + e 50 + e 51 + ^^(Tl) 

= -F-V^S/ie - M [(^ x ) 2 + (i£ 2 ) 2 + (^3) 2 ]2/7> , 

«>14 = -[ref 5 - /i(e^ 8 + e|g + ej ) + ej 3 + e\ A + e^F -1 ^) 

= -F-H^iyw " i«[0'£i) 2 + fe) 2 + fe) 2 ]2/n} , 
^15 = efF-^n) = F~\ii 2V3 ) , w ie = <$F-\Y X ) = F~ 1 (^32/3) , 
w 17 = elF" 1 ^) = F~\y 3 ) , w 18 = ejF- 1 (Y l ) = F" 1 ^!/?) , 
w 19 = ejF- 1 ^) = F-^ibyr) , w ll0 = e^F'^Y^ = F^^m) , 
win = efF- 1 ^!) = F-^yj) , w 112 = e^F" 1 ^) = F^iS/ii) , 
11/113 = e^F-^n) = F- 1 (i62/n) , W114 = efoF- 1 ^) = F'^i&yn) , 
W115 = efiF" 1 ^) = F-\ yil ) , w 116 = e\ & F-\Y{) = F" 1 ^) . 

Because F jx = F iX I K > x G C 2 [0, T] f| C°°(Fi) , 1 < j < 3 , we can get as follows, 

dF n 8Fn 

F- 1 (ie F(F jl )) = F-i( F (_£_)) = _^ , 1 < j < 3 , 
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for the same reason we can get the following, 

op arp a 77 

F-^ittFfti)) = — ^ , F-\H 2 F(F 3l )) = -£- , F-\z&F(F n )) = ^- , I < j < 3 
Hence we can get the following, 



8 2 F 21 d 2 F 31 d 2 F u d 2 F x 



— 1 / 

dx\dx2 dx\dx 3 dx\ dx 2 
d 2 F n d 2 F 31 d 2 F 21 d 2 F 21 



dxidx 2 8x28x3 dx 2 dx 2 
F _ x d 2 F n d 2 F 21 d 2 F 31 d 2 F 31 

dx\dx 3 dx2&x 3 dx 2 dx?, 
. 1 8F n 8F 21 dF 3 i 8 2 F n 8 2 F 21 d 2 F 3 , 

F ~ {m) = r [ ^ A{ ^xT + ^x^ + ^-mdx- 1 -dWx-2~dWx- 3 ] - 
And we can get the following, 

dF~ l (y 7 ) 8F- 1 (y 11 ) 8 3 F 21 8 3 F 3l 8 3 F ll 8 3 F n 
w n = k k = tt^tta \- 



wn 



8x2 8x 3 8x\8x2 dx\8x 3 8x\8x\ 8x\8x\ 

8rF- x (y 1% ) . 8rF~ x {y x% ) 

ax\ 0x2 



wia = q h//AF (2/11), 

8x 3 

dF- 1 ^) 8 3 F 21 8 3 F 31 8 3 F U 8 3 F 11 

W 15 = n = o ?T9 + 



8x2 dxidx^ dx\dx2dx 3 dx?, 8x2dx 2 

_ dF-^ys) _ 8 3 F 21 8 3 F 31 8 3 F n 8 3 F U 

8x 3 8x18x28x3 8x\8x 2 8x\8x 3 8x\ 

- F -H )-■ d2F21 d2p ' 31 d2Fn d2Fu 

8x\8x2 8x\8x 3 8x\ dx 2 
dF-\yi) 8 3 F n 8 3 F 31 8 3 F 21 8 3 F 21 

W 1S = n = ^T^ 1- 



8x\ 8x 2 8x2 dx\dx2dx 3 dx 3 8x\8x 



2 • 



8F~ 1 {y 7 ) 8 3 Fn 8 3 F 3 i 8 3 F 2 i 8 3 F 



W19 = n = T, TT + 
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8x2 dxidx 2 8x28x3, dx\8x2 dx2&x 2 

dF- 1 ^) d 3 F n d 3 F 31 d 3 F 21 d 3 F 



dx 3 dx\dx2dx 3 dx2&x 2 8x\8x 3 dx 3 

- F -i( )- d2Fn d2p31 d2P21 ° 2P21 
dx\dx2 8x28x3 dx 2 dx 2 

dF- 1 {y n ) 8 3 F U 8 3 F 21 d 3 F 31 8 3 F 31 

WU2 = K = 7T^ 1- 



dxi dx 2 dx 3 dx\dx2dx 3 dx 3 dx\dx 

dF- x (y n ) d 3 F n d 3 F 21 d 3 F 31 8 3 F 



2 > 
2 



31 



8x2 8x18x28x3 8x 2 8x 3 dx 2 dx 2 dx 3 

dF~ l { yil ) d 3 F n o 3 f 21 o 3 f 31 d 3 F 31 

^114 = n = „ JT"9 + 



dx 3 dx\dx 2 dx2dx 2 dx\dx 3 8x\8x 3 
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_ d 2 F u d 2 F 2l d 2 F 31 d 2 F 31 

dx\dx 3 8x28x3 dx\ dx\ 

_ f _ 1 dF n 8F 21 dF 31 d 2 F n d 2 F 21 d 2 F 31 

t dx\ dx 2 dx 3 dtdxi dtdx 2 dtdx 3 

And we can see that W\ is the function to do the partial derivation with Fn, F21, -F31 no more 
than the fourth order and their linear combination, moreover no more than the first order with the 
variable t . Hence fl^- 1 ^)] = ff^-^Yi)]/^ G C 1 ^) . 

If Zi £ Oj , then there exists hi = hiljc E ^(K^) , such that Zi = F(h\) . Again from the 
corollary 3.2 , we can get 3 h 2 = h 2 I K [ G C 2 [0, T] f| C°°(Ki) , such that F(/ti) = a 2 bTF(h 2 ) . Next 
we see iJ[F _1 (Ai(r/)Zi)] , where Ai{rj) = (771, m, %, m, V5, Ve, V7, %, %) , 

^j = (^22/3, ^32/3, 2/3, *£lZ/7, ^22/7, ^32/7, 2/7, ^12/11, ^22/11, ^32/11, 2/11, 

^02/16, ^12/16, ^22/16, ^32/16, 2/16, (^()) 2 2/3, (^l) 2 2/3, {i&fyz, fe) 2 2/3, ^0^12/3, 
^0^22/3, ^0^32/3, ^1^22/3, ^1^32/3, ^2^32/3, (^o) 2 2/7, 0^l) 2 2/7, O^OV, fe) 2 2/7, 

LI, 



^0^12/7, ^0^22/7, ^0^32/7, ^1^22/7, ^1^32/7, ^2^32/7, (^o) 2 2/ll, (^l) 2 2/ll, O&OVl 



(^3) 2 2/n, ^o^i2/n, ^o^22/ii, ^o^32/ii, ^1^22/n, ^6^32/11, ^2^32/n, eJ) T , 

here ej is the jt/i 9 dimensional unit coordinate vector, 1 < j ' < 9 , moreover 
when j = 1, 2, 3 , 

11 1 1 

(«6) 2 + (*6) 2 + («6) 2 

where 6 = — — — + , and (&, 6, £3) 7^ (0 , , 0) , 

a 
when j = 4, 5, 6 , 



1 2 X * 

27-fe + ab ) ' 2/3 = -o7-(-<i<2) , 2/11 = -or v 
or or gtot o z or a z or 



2/7 == -27-(£ 2 + afo ) , 2/3 = -^(-i&b) , 2/ii = : 72ir(~^ 2 ^3) , 2/16 = : 72ir(~^ 2a ) 



when j = 7, 8, 9 , 



1 „ 
2^ 
Hence we can get 



2/11 = ^7-fe + ab ) , 2/3 = -27-(-*fl*6) , 2/7 = -o7-(-*6«6) , 2/16 = -^-(-^30) • 

a z or a^or aror gtot 



= H[F- 1 (A 1 (r ] )a 2 bTF(h2))]=H{F- 1 [(a 2 bTA 1 (r ] ))F(h2)]} , 
and we can see that a 2 bTAi(rf) is a polynomial matrix. We assume 

iI{F- 1 [(o 2 6rA 1 (7 7 ))F(/ t2 )]} = W 2 (/i 2 ) , 
where 1^2(^2) = (^2^)16x1 , and we assume h 2 = (h 2 j)dxi , then we can get the following. 
W21 = -(el + eJ )F~ l [(a 2 brA 1 (r ] ))F(h 2 )] 

-F~ l {i^[-i^i^(F(h 2 i) + F(h 22 ) + F(h 23 )) + (i 2 + ab)(F{h 2 i) + F(h 25 ) + F(h 26 )) 
-^6(F(/i 27 ) + F(h 28 ) + F(/i2 9 ))] + »6[-*&»6CF(/i2i) + F(/i22) + F(/i 23 )) 
-i6^3(F(/i 2 4) + F(h 25 ) + F(/i 26 )) + (CI + ab){F{h 27 ) + F(/* 28 ) + F(/i 29 ))]} , 
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W 2 2 



[rej 3 



K^s + ef 9 + e£ ) + e T A7 + e T A8 + e T A9 ]F 1 [(a 2 6r^i(r ? ))F(/ l2 )] 



^23 



W 2A 



^25 



^26 



W27 



^28 



7I>29 



™210 



-F-HlT^it-i^ia) - /^i) 2 + (i6) 2 + (*6) 2 )(£i + ab) + a 2 6r](F(/ l21 ) + F(/i 22 ) + F(h 23 )) 

+ [T«ei(-«&a) " /U((^l) 2 + fe) 2 + fe) 2 ) (-^1^2)1(^(^24) + F(/l25) + ^(M) 
+ [T«ei(-«6a) " M(*6) 2 + fe) 2 + fe) 2 )(-^1^3)](i ? (/i27) + F(h 28 ) + F(h 29 ))} , 

-[ref 4 - ^(eig + e£ + e&) + e£, + egi + ei 2 ]F- 1 [(a 2 6rA 1 (r ? ))F(/ l2 )] 
-F-Hfr^^^io) " K(^i) 2 + fe) 2 + (^3) 2 )(-i6^ 2 )](F(/j2i) + F(h 22 ) + F(h 23 )) 
+[r»6(-*6o) - m((*£i) 2 + (*6) 2 + fe) 2 )(e 2 2 + 06) + aV](F(/j 24 ) + F(h 25 ) + F(/i 26 )) 

+ [T»6(-*eso) " |U((«l) 2 + (*6) 2 + fe) 2 ) (-^2^3)1(^(^27) + ^(M + ^(M)} , 

-Nus - /"(els + elg + 4)) + 4s + 4l + e^i^KaVAifa)).^)] 
-F-Hlri^C-^ia) - M(i£i) 2 + (i6) 2 + (*£ 3 ) 2 )H£i^3)](^(M + F(/i 22 ) + F(7»23)) 



) 2 + fe) 2 + fe) 2 ) 

\2 , i-t- \2 , /-t \2\//-2 , j\ , „2i 



+[rz6(-»6a) - /u((i6) 2 + fe) 2 + fe) 2 )(-^2^3)](i ? (/i2 4 ) + F(/l25) + F(h 26 )) 



+[T»6(-»6a) - m((^i)^ + (»&r + (*&r)(£ + 06) + a^r](F(/ i27 ) + F(/ l28 ) + F(h 29 ))} 
e^F' x [{a 2 bTA 1 {r l ))F{h 2 )} = F^^g + ab){F{h 21 ) + F{h 22 ) + F{h 23 )) 
-i£iiUF(h2i) + F(h 25 ) + F(h 26 )) - *£i*6(F(/i2 7 ) + F(/i 28 ) + F(/i 29 ))]} , 
ei , F- 1 [(a 2 6rAi(7 ? ))F(^ 2 )] = F~ 1 {it; 3 [(g + ab)(F(h 21 ) + F(h 22 ) + F(h 23 )) 
-itiiUF(h2i) + F(h 25 ) + F(h 26 )) - iiiiUF{h 21 ) + F(h 28 ) + F(h 29 ))}} , 
e^F- 1 [(a 2 fc^i(r ? ))F(/ i2 )] = F' 1 ^ + ab)(F(h 21 ) + F(h 22 ) + F{h 23 )) 
-i£xi£, 2 (F(h24) + F(h 25 ) + F(h 26 )) - iiiiUF{h 21 ) + F(h 28 ) + F(h 29 ))} , 
elF- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F" 1 ^! H£i*6(^2i) + ^22) + F(h 23 )) 
+(e 2 2 + ab)(F(h 24 ) + F(/i 25 ) + F(fr 26 )) - it; 2 iUF(h 27 ) + F(h 28 ) + F(/i 29 ))]} , 
e^F- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F^ 1 ^ [-^1*6(^(^21) + F(h 22 ) + F(h 23 )) 
+{il + ab){F{h 2A ) + F(h 25 ) + F(/ l26 )) - ^3(^27) + F(h 28 ) + F(h 29 ))}} , 



e^F- 1 [(a 2 6r,4 1 (r ? ))F(/ l2 )] = F" 1 ^ [-^1^2(^(^21) + F(h 22 ) + F{h 23 )) 

+ (£ 2 + ab)(F(h 2A ) + F(/ l25 ) + F(/ l26 )) - ^3(^27) + F(h 28 ) + F(h 29 ))}} , 
W211 = efF- 1 [(a 2 6rA 1 (7 7 ))F(/ i2 )] = F" 1 {-^1*6(^21) + F(h 22 ) + F(/ l23 )) 

+(el + ab){F{h 2A ) + F(/ l25 ) + F(/ l26 )) - i&iUF{h 21 ) + F(h 28 ) + F(h 29 ))} , 
^212 = e^F- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F^I^H^O^M + ^(^22) + F(/ l23 )) 

-^2^3(^(^24) + F(/ i25 ) + F(/ l26 )) + (£1 + ab)(F(h 27 ) + F(/ l28 ) + F(/ l29 ))]} , 
^213 = e 9 P F- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F" 1 !^ [-^1*6(^(^21) + ^(^22) + F(h 23 )) 

-mUF(h 24 ) + F(h 25 ) + F(/ l26 )) + (el + ab)(F(h 27 ) + F(/ l28 ) + F(/ l29 ))]} , 
^214 = ef F- 1 [(a 2 6r^ 1 (r ? ))F(/ l2 )] = F" 1 !^ [-^1^3(^(^21) + ^22) + F(h 23 )) 

-i&UF(h 2 i) + F(h 25 ) + F(/i 26 )) + (el + ab)(F(h 27 ) + F(/ l28 ) + F(/ l29 ))]} , 
^215 = ef 1 F- 1 [(a 2 6rA 1 (r ? ))F(/ l2 )] = F- 1 {-iei^ 3 (i ? (/i 2 i) + F(/ l22 ) + F(h 23 )) 

-i&UF(h 2 i) + F(h 25 ) + F(/i 26 )) + (el + ab)(F(h 27 ) + F(/ l28 ) + F(/ l29 ))} , 
^216 = ef 6 F- 1 [(a 2 6rA 1 (r ? ))F(/ l2 )] = F^l-^^i) + F(/ l22 ) + F(/ l23 )) 

-ii 2 a{F{h 2A ) + F(h 25 ) + F(/i 26 )) - i&a(F(h 27 ) + F(/ l28 ) + F(h 29 ))} . 
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Because h 2 = h 2 I K[ G C 2 [0, T] f| C 00 ^) , we can get 



, , dh 2 dh 2 

F~ 1 (i£oF(h 2 )) = F- 1 (F(— )) = — , 

for the same reason we can get 

, dh 2 1 dh 2 , <9/i 2 

F-^iCiF^)) = — , F" 1 ^^)) = ^ , F-\i&F(h 2 )) = — . 

If we assume h 3 i = h 2 \ + h 22 + /i 2 3 , ^-32 = ^24 + ^25 + ^-26 , ^33 = ^27 + ^28 + ^29 , then we can get 
the following. 

^31 9 3 /l 3 l d 3 h 32 #^33 S 3 ^! S 3 ^! #^32 ^33 



Sxicte^ 9xi5x| dx\dx 2 dx\dx 3 ' dtdx\ dtdx 2 dtdx\dx 2 dtdx\dx 3 

d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 d 3 h 33 d 3 h 33 d 3 h 31 d 3 h 32 

W 23 = - - 9 + - - 9 - 77777 77 77777 77 , W 24 = „ + 



dtdx 2 dtdx^ dtdx\dx 2 dtdx 2 dx 3 ' dtdx 2 dtdx 2 , dtdx\dx 3 dtdx 2 dx 3 

d 3 h 31 d 3 h 31 d 3 h 32 d 3 h 33 d 3 h 31 d 3 h 31 d 3 h 32 d 3 h 33 

W2b = 77 q + 77 77"^ - 77 77^7 ~ 77 77 77 , ^26 = 77^777 1" 



dx 3 , dx 2 dx 2 dx\dx\ dx\dx 2 dx 3 ' dx"^dx 3 dx 3 dx\dx 2 dx 3 dx\dx 2 

d 2 h 31 d 2 h 31 d 2 h 32 d 2 h 33 d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 

W27 = 77 o + ^7"^ 77 77 77 77 , ^28 = o + 



9^2 9x| dx\dx 2 dx\dx 3 ' 9x 3 ctei&c 2 dx\dx 2 dx\dx 2 dx 3 

d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 d 3 h 32 d 3 h 32 d 3 h 31 d 3 h 33 

W 2 9 — - 9 h — 7—9 — 77 TT-Q — 77—977 1 W 2 \o — 7 9„ h 



dx\dx 2 dx 2 dx 2 dx\dx\ dx\dx 3 ' <9xfcte3 dxg dx\dx 2 dx 3 dx 2 dx\ 

d 2 h 32 d 2 h 32 d 2 h 31 d 2 h 33 d 3 h 33 d 3 h 33 d 3 h 31 d 3 h 32 

W2U = 77 9 + 77 9 - 77 77 77 77 , ^212 = 77 q + 



cte 2 9x| dx\dx 2 dx 2 dx 3 ' <9x 3 dx\dx\ dx\dx 3 dx\dx 2 dx 3 

d 3 h 33 d 3 h 33 d 3 h 31 d 3 h 32 d 3 h 33 d 3 h 33 d 3 h 31 d 3 h 32 
w 2 i 3 = 77-^77 1" 77 — ttt - 77 — 77 — 77 77-^77 — i W21A = 77-^-77 h 



^215 



9x 2 <9x2 5x2«9x3 <9xi<9x2<9x3 9x2«9x3 ' 3xf9x3 dx 3 dx\dx 2 dx 2 dx 2 

o 2 h 33 d 2 h 33 d 2 h 3l d 3 h 32 

dx 2 dx 2 dx\dx 3 dx 2 dx 3 



_ 1 d 2 h 3l d 2 h 32 d 2 h 33 fi 0Ah 31 8Ah 32 0Ah 33 
t dtdxi dtdx 2 dtdx 3 t dx\ dx 2 dx 3 

We can see that W 2 is the function to do the partial derivation with the components of h 2 no more 
than the third order and their linear combination, moreover no more than the first order with the 
variable t . Hence H[F~ 1 {A l {r])Z l )] = H[F- 1 {A l {ri)Z l )]I K[ G C 1 ^) . 

Now we can get H[F~ l {Y 1 + Ai(ij)Zi)] = H[F^ l {Y 1 + Ai (77)^1)]/^ G C 1 ^) , if Zi e ft 2 , this 
means that fi2 C fli , moreover the components of F~ l {f{Z\)) are all in the H[F~ l (Yi-\-Ai(rf)Zi)\ , 
hence f{Z\) G Q 2 , if Z\ G Q 2 • And we can get if Zi G Oi and Zi = j{Z\) , then Zi £ Q 2 . 
Secondly we prove the fixed-point of f(Z\) is exist, where Z\ G Q 2 . In order to discuss more 
conveniently, we assume fj{Z{) = F[F- l (af 1 (Yi + A x (r])Zi))F^ l {a^ 2 {Yi + A x (r])Zi))) , 1 < j < 9 , 
where an = e 3 , a 2 i = e 7 , a 3 i = en , a 4i = e 3 , a 5 i = e 7 , a 6 i = en , a 7 i = e 3 , a 8 i = e 7 , 
«9i = en , «i2 = -ai , «22 = &i , a 32 = e 2 , a 42 = e 4 , a 52 = e 5 , a 62 = e 6 , a 72 = e 8 , 
«82 = eg , «92 = eio , and ai = e§ + eio , &% is the it/i 55 dimensional unit coordinate vector, 
1 < i < 55 . 
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And we assume the set flc as follows. 

Q c = {hi\ hi G C(K[) , 3 M > , such that \h x \ < M , moreover 3C >0 , < a < 1 
such that V Xt , x' t G K[ , \h\{xt) — h\{x' t )\ < C\xt — x' t \ a .} , 
where hi = (hij)g x i , \hi\ = max \hu\ , \h\j\ = max \h\j{xt)\ , x t = (t, x±, X2, x%) 

l<j<9 x t &K[ 



T 



From the Arzela-Ascoli theorem, we know Q,c is a compact set. And we assume M in the £lc satisfies 
the following. 

max{ iF^iaJjYi)] ,\F~ l {a^Y^ ,\F~ X (c£{rx)F- x {c£ 2 Yi)\} < 9M , where < 6 < 1 , 

1<7<9 J J J J 

\F-\cZ x Y x )\ = max ^ {<£{Y x ){xt)\ , ^{a^Y^ = max \F~ l {a^Y^x^ , 
iF-^alY^F-^aJ^l = max \F~ X {a^Y^x^F- 1 {a^Y^xt)] , 1 < j < 9 . 

We assume V x 4 , x' t G i^{ , V j , 1 < j > < 9 , 3 Ci > , such that 

|F- 1 (aJ 1 F 1 )(x t ) - F- 1 (t^ 1 ri)(ar' t )| < d|x t - x' t \ a , 
{F-Haj^ixt) - F-VJliXxOl < Ci|x t - a4| Q , 
iF-Haj.Y^x^F^iaj^ixt) - F-\a^Y 1 ){x' t )F- 1 {a^Y 1 ){x' t )\ < d\xt - x' t \ a . 

Next we assume g(hi) = F~ 1 [f(F(h 1 ))], and 9j {hi) = F- 1 [f j (F(hi))], l<j<9, where hi G U c . 

We will prove that the fixed-point of g(h±) is exist. Moreover we can get hi G C l (K[) , if h\ = g(h±) 

and h\ G f^c* • 

We only need to show \gj{h\)\ < M , moreover Vx; , x' t G K[ , we can get 

|<7j(xi) — <7j(xj)| < C|xt — x' t \ a , 1 < j < 9 . We can see that 

#(/*) = F-^aJiCVi + Ai^jF^O^F-^aJaCyi + A^F^))] , 

= F-^aJiyOF-^t^yi) + F-^aJiyOF-^aJaAiC^FC/n)) + 
F-\c$ 2 Y 1 )F- 1 {a$ 1 A 1 { V )F(hi)) + 

F- 1 («J 1 A 1 (r ? )F(/ Jl ))F- 1 (aJ 2 A 1 (r ? )F(/ Jl )), 

and from the lemma 3.1 , we can get 3 h 2 = h 2 Ix' £ C^fO, T] f] C°°{K{) , such that 

9j (hi) = F-\a? x Y x )F- x {dl 2 Y x ) + F~ 1 (aj 1 Y 1 )F~ 1 (aj 2 A 1 (r ] )a 2 bTF(h 2 )) + 
F- 1 (aj 2 Y 1 )F- 1 (aj 1 A 1 (r ] )a 2 bTF(h 2 )) + 
F- 1 (aJ 1 ^ 1 (7?)a 2 6TF(/ l2 ))F- 1 (Qj 2 A 1 (77)a 2 6rF(/i 2 )) 
= F-HaJiyOF-^a^y) + F' 1 (a^YjWjM + 
F-^aj^Wjiih^ + W n (h 2 )W j2 (h 2 ) , 

where W n {h 2 ) = F- 1 (aJ 1 (a 2 6r^ 1 ( ?? ))F(/ l2 )) , W j2 {h 2 ) = F- 1 (aJ 2 ( a 2 6rA 1 (r ? ))F(/ i2 )) , 1 < j < 9 , 
and an = e 3 , a 21 = e 7 , a 3i = en , a 4i = e 3 , a 5 i = e 7 , a 6 i = e u , a n = e 3 , a 8 i = e 7 , 
«9i = en , «i2 = -ai , a 22 = ei , a 32 = e 2 , a 4 2 = e 4 , a 52 = e 5 , a 6 2 = e e , a 7 2 = e$ , 
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a 82 = e 9 , a 92 = e 10 , and a± = e 5 + e w 
1 < i < 55 . And we can get the following. 



ej is the ii/i 55 dimensional unit coordinate vector, 
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11 



d 3 ^n 
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dxidx 2 dxidx 3 
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dxidx\ dx 2 dx 3 

d 2 Fn 
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dxidx 2 dxidx 3 dx 2 , 

d 3 Fu 8 3 F 2 i d 3 F 3 i 

dx\dx 3 dxidx 2 dx 3 dx 3 dxidx 2 , 

d 2 Fn d 2 F 3i d 2 F 2i d 2 F 2 i 
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dx\ 

d 3 F 3 i d 3 F 
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dxidx 2 dx 3 dx?,dx 3 dx\dx 2 dx\ 
d 2 F u d 2 F 2 i 8 2 F 3 i d 2 F 3X 



dxidx 3 dx 2 dx 3 dxf 
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23 



Fji(t,M) 

F jv {t,M ) 



Wiv 

Wi 2 l 

W 2 n 



w- 



TT": 



TT": 



IT' 



TT" 



TT'r 



TT": 



TT"- 



TT", 



W 92 



h 2 ) 
h 2 ) 
h 2 ) 



221 



31 \ 



32 I 



ill 



121 

w 51[ 

W 52 i 
W 6 n 



fa) 



621 



7H 



721 



W 8 i( 
W 82 < 



91 \ 



%) 



:f 



Fjv(Ti,yi,y 2 ,y 3 ) 



(x 1 -y 1 ) +{x-2-y2) +(x 3 -y 3 ) 
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d 3 h 31 d 3 h 
dx 3 , 

d 2 h 33 d 2 h 33 

■ + 



W25 



+ 



31 



dx 2 dx 2 dx 2 dx 3 
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dx\dx 2 dx 3 
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dx 2 dx 3 ' 
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■ + 



dx\dx 2 dx 3 dx\dx 2 
d 2 h 32 d 2 h 33 



dx 2 



d 3 h 
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dx 3 dxidx 2 
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dx\ 
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dx\dx 2 
d 3 h 31 
dx 2 dx 2 
d 2 h 31 
dx\dx 2 
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dx\dx 3 
d 3 h 33 
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dx 2 dx\ 
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d 3 h 33 

dx%dx 3 
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dx 2 dx^ 
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dx\ dx 3 

d 3 h 3l 



dx 2 dx 3 

d 3 h 33 



3Xg 
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dxidx 2 dx 3 dx 2 dx 3 
d 2 h 32 d 2 h 3 
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d 3 h 



dx 2 
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d 3 h 



dx 3 

d 2 h 



■ + 



33 



dx\dx 2 

d 3 h 31 



dx\dx 3 

d 3 h 32 



32 



+ 



dx\dx\ 

d 2 h 32 



dxfdx 3 



dx\dx 2 dx 3 
d 2 h 33 



dx\ 
d 3 h 



+ 



dx\ 
d 3 h 33 

dx\dx 2 
d 2 h 33 d 2 h 33 
dx 2 



33, 



d 2 h 31 
dx\dx 2 dx 2 dx 3 

d 3 h 31 d 3 h 32 



dx 2 dx 2 dx\dx 2 dx 3 
d 2 h 31 d 3 h 



dxldx 3 



32 



dx\ 
d 3 h 33 

dx\dx 3 



d 3 h 



+ 



33 



dx 3 



dx\dx 3 
d 3 h 31 
dxidx 2 
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dx 2 dx 3 
d 3 h 32 
dx 2 dx\ 



' ' dyidy 2 dy 3 dri 



where h 2 = (h 2j ) 9xl , and h 31 = h 21 + h 22 + h 23 , h 32 = h 24 , + h 25 + h 26 , h 33 = h 27 + h 2 $ + h 29 . 
Hence we can get Wji(h 2 ) , Wj 2 (h 2 ) , 1 < j < 9 , are the functions to do the partial derivation with 
the components of h 2 no more than the third order and their linear combination, moreover only do 
the partial derivation with the variables x± , x 2 , x 3 . From the lemma 3.1 , we know 

v(t,M Q ) = — — / — - dxidx 2 dx 3 , where M = (xi,x 2 ,x 3 ) , M = {xi ,x 20 ,x 30 ) , 

4vr J Kl r M M 



\/(xi - x w ) 2 + (x 2 - x 20 ) 2 + (x 3 - x 30 ) 2 , 



rMM 

h 2 (t,M) = (-^—f ^™^e- ^--> ' ^dy 1 dy 2 dy 3 dT 1 

2\/nJi Jo Jb? wt-nr 

And we can get the lemma as follows. 

Lemma 3.2 3 Mt, i > , and Mt, i is independent with M , K\ , V h\ € f^c" > ^ e CCOT 5 e ^ ^ e 
following, 

d — 



where 



hi = (him)g x i , fo = M*> M) = (/i 2 m(£, ^))qx1 , 1^1 = max max \h 2m (t, M)\ , 

i<m<9 (t, M)e -ft:; 

,d/i 2 , ,5/i 2m (t, M) fl/i 2 ,5/i 2m (t, M) , 

— — = max max , — — = max max , 

dt l<m<9 (t, M)e K[ at OXi l<m<9 (t, M)e K[ OXi 

dfa d dh 2m (t, M) 

i dxi i i dxi 

- max max 



&t l<m<9 (t, M)G K[ dt 



1 f * 
, Mfi^i) = max — / dx\dx 2 dx 3 . 

M GKi A.-K J Kl r M M Q 



Proof of lemma3-2. We denote h 2m = h 2m (t, M) , 1 < m < 9 , and we assume v(t, M) = (f m )gxi , 
where v m = v m (t, M) , then from the lemma 3.1 , we can get V m , 1 < m < 9 , 

v m (t,M ) = -— / lm dx±dx 2 dx 3 , where M = (xi, 2:2,^3) , M = (xi ,x 20 ,x 30 ) , 

47r y Ki r M M 



fM, 



i/(xi - x w ) 2 + (x 2 - x 20 ) 2 + (x 3 - x 30 ) 2 



, u ,,x f 1 \3 f f v m(n,yi,y 2 ,y 3 ) - isi^ai +{ p-^ +(^- ra > 

h 2m (t, M) = (—— = y / — — e ^c-i) dyidy 2 dy 3 dTi 



if /ii € ^c* , then we can get 

< lhi_J 

4tT JXi r MM 



1 /■ 1 

«m I < l^iml ^— / dx\dx 2 dx 3 < MM(Ki) , 

47T J Xl r M M 



moreover 



/i 2m < tt^ 3 / / 7 7= Vo e *"<*--' dy 1 dy 2 dy 3 dr 1 < TMM{K X ) 

where 

1 /" 1 

M(K\) = max — - / dx\dx 2 dx 3 . 

MoeKt A.-K J Kl r M M 
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And we know 
dh,2m 



,. , 1 ,3 f v m (Ti,yi,y2,y3) ~ ^-«^> +{ p- m) + ^-y 3 > 

hm(——=y / — - — e *mc*-i) d yi dy 2 dy 3 + 

dt n-tt 2y/WJl J R3 (y/t - Ti) s 

n Vm(Tl,yi,y2,y3) (*i-si) 2 +(*2-y2) 2 +(*3-a3) 2 

d( = e <if(*-Ti) \ 



L . — ) / / tt: dy 1 dy 2 dy 3 dr 1 . 

ZyM 2 Jo Jr 3 dt 



If we let yj = Xj + 2y//j,(t — T\)9j , j = 1 , 2 , 3 , then we can get as follows, 
dh 2m 



dt 



lim(^) 3 / u m (ri,x J -+2( v //i(t-ri))^, J = 1,2,3,) e-^ +ff ^ e ^ d9 1 d9 2 d6 3 + 
n-rt ^/7T J fl3 

/■ X \3 /"* f ~ 3 v m{n,y 1 ,y 2 ,y 3 ) J-i-^'^-^^w-^' 

T^ / / -s / /t ^ — e 4 " (t_T1> dy 1 dy 2 dy 3 dr 1 + 

2^^ ./o ./ft 3 2 (v* - r i) 5 

(tt^=) / / , -, n y f~ Vfo - Vi) e ^(*-i) dy 1 dy 2 dy 3 dT 1 . 

2\/^ Jo Jr 3 w'-nr f-f 



j=i 



If we let yj = Xj + 2y / /Z(^/(£ — ti)) 5 6j , j = 1 , 2 , 3 , to the second integral, and we let 

Vj = x j + 2-\/m(v(^ ~~ r i)) 7 ^j > J ' = 1 > ^ , 3 , to the third integral, then we can get as follows, 

%i = v m (t, Xl ,x 2 ,x 3 ) + (^ r f f f ^v£\t-T 1 fe-^rw+^de 1 de 2 de 3 dT 1 + 

dt V 71 " Vo ii? 3 2 



V 71 " Vo iR 3 
where 

^ = v m (T llXj +2^Jl(y/(t - t{))%,j = 1,2,3,) , v£> = w m (ri, ^+2^(^(4 - n)) 7 %, j = 1,2,3,) . 

Hence we can get 

< mm(#i) + (-^) 3 / / -MM^Kt-n) 5 e-^- Ti)i ^ + ^ +e ^de 1 de 2 de 3 dT 1 + 

V 71 " Jo Jfi 3 2 



(9/ 



^ 3 ^ MMiK^t - ri ) 14 (0? + 2 2 + 0f) e -(*-^) 6 ^ + ^+^c»ide 2 dfl3dri 



V^r 7o J/? 3 
We assume </?i(t, ri) , y?2(*> ^l) as follows, 

^(t, Tl ) = / (t-n) 5 e- { t- r ^ +6 >+ e ^de l dd2de 3 , 
ii? 3 

^(t, n)= / (t-r 1 ) 14 (^ + ^ + 0|)e-^ ri ) 6 ^ +0 ^)^i^ 2 ^3. 
Ji? 3 

We can see that <^i(£, n), y?2 (t, n) are continuous about t, n on the region < n < t , < t < T , 
hence they are bounded on the region < t\ < t , < t <T . We assume there exist M' > , such 
that {(pxit, n)\ < M' , \ip2(t, n)\ < M' , where < t\ < t , 0<t<T. Hence we can get 

<9/l2m 1 o 5 

I—— I < MMiK^ + (^) 3 - TMM{K X )M' . 
at ^/ir 2 
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And we know 



(-2)(Xj-2/i) e *mc*-ti) dy 1 dy 2 dy 3 dT 1 



dxi 2 y /WJI J J R3 4/i(Vt - ri 



If we let 2/j = Xj + 2,//Z(y(£ — ti)) 5 ^- , j = 1 , 2 , 3 , we can get the follows, 
5/l2m , 1 nQ r* f 1 



OXi ^/TT J J R3 y/Jl 

We assume ^(t, r i) a s follows, 

i if 3 

We can also see that 9J3 (£, T\) is continuous about i, t\ on the region < ri < £ , < £ < T , hence 
it is bounded on the region < t± < t , < t < T . We assume there exist M" > , such that 
W^iti r i)l < -^" > where < t\ < t , < t < T . Hence we can get 

dXi y/TT ^//Z 

At last we see from 

<9/l2m 



0- 



t / 1 \3 f v m {T 1 ,y 1 ,y 2 ,y3) , w v - £j f f ( / " J , , . 

hm(— -—) / — — — =—— (-2 )(xi - yi )e 4 "<*-^> d yi dy 2 dy 3 + 
ri-^t 2JWJL J R3 4/x(V£-7i) & 



<9£ Ti->t 2^/Wjl /rs 4:/J,(y/t — T\ 



1 3 , /" I ^™ 3 > (5)(I( _,,, .-I^fe?* ^ + 

2 V^ io ./i? 3 4/i(V*-7i)' 
Jo Jiv 16it 2 (V*-7i) 9 f-f 



If we let yj = Xj + 2y / 7i(^/(£ — ti)) 5 6j , j = 1 , 2 , 3 , to the first integral, and we let 

Vj = x j + 2y / /I(^/(£ — T\)) 7 9j , j = 1 , 2 , 3 , to the second integral, y^ = cc? + 2y / /I(^/(£ — ti)) 9 6>j , 

j = 1 , 2 , 3 , to the third integral, then we can get as follows, 

dh 2m 

l im ( 1 )3 /" _L W U) (Vi^r ) 15 . e -(*-r 1 rW+^i)^ 1 ^ 2 ^ 3 + 



<9i ri->-t y^ 7^3 y/JI 

(-^) 3 T / ^(V^^) 21 (5)0, e-(^) 6 ^ 1 ^ 1 ^ 2 A /3 dT 1 + 
V 71 " Jo Jr 3 2 \/^ 

1 /•* /■ 0/ 3 ) 
(-^) 3 / / ^(VT^^^ + fll + ^e-^^^^^^dTi, 



where 



w (3) - v 



(n,x J +2^Jl(^(t-T 1 )) 9 d j ,j = 1,2,3,) 
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We assume ^(i, 7~i) , y?5(£, ri) as follows, 



We can see that ^(t, ri), ^(i, Ti) are continuous about t, t\ on the region < ti < £ , < t < T , 
hence they are bounded on the region < n < t , < £ < T . We assume there exist M'" > , 
such that |<p 4 (i, n)| < M'" , |</? 5 (£, n)| < M w , where < n < i , 0<t<T . Hence we can get 

dh 2m 

~fFT~ 1 .MMiKA i „ 7 
I X I < (— ) 3 M" + (^) 3 TMM(K X )M'" . 

1 at '- W Vv w* 2^7i v 1; 

If we let 

M T| i = max{T , 1 + (^) 3 - TM' , (^) 3 -= M" , (^) 3 -= M" + (^) 3 ^ TM 1 "} , 
then we can get 

dh 2 dh 2 f) T 

ss<w • i «■ i • 1 1 ■ i-r l} £ MMt ' iM(ifi) ■ 

Hence the lemma is true. 

Corollary 3.3 3 M^ 2 > , and Mt, 2 ^s independent with M , K\ ,V h\ € Oc* , we can ge£ £/ie 
following, 

d 2 h 2 d 3 h 2 

0— — - — „q, a- 



max r I d% , , gxjggj d 3 fr 2 . dxjdxjdxk , , d% < ^^ ^ 

i, j, fe, i dxidxj ' <9t ' dxjdxjdxk ' 5t ' dxidxjdx^dxi ~ 



where 



, , , NN , 5 2 /i 2 l d 2 h 2m {t, M) 

hi = (/iimjgxi , «2 = fo(*> M) = (h 2m (t, M)) 9x i , - — — - | = max max | — | 

OXiOXj l<m<9 (t, M)e K[ OXiOXj 

d 2 h 2 d 2 h 2m (t, M) 

, dxidxj , . dxidxj , d 3 h 2 ,d 3 h 2m {t, M) 
= max max , — — - — - — = max max — - — - — 

Ot l<m<9 (t, M)e K[ Ot OXiOXjOXk l<m<9 (t, M)€ K[ OXiOXjOXk 

a d 3 h 2 J 3 h 2m (t, M) 

o a 

dxidxjdxk dxidxjdxk n/r fv 1 f 1 



OX ' OX 'OXh f 

max max I % —— I , M(K\) = max — - / dxidx 2 dx% , 

<m<9 (t, Af)€ K[ Ot M £K 1 4-7T J Kl VMM 

, d 4 h 2 , d*h 2m (t, M) ,...,,.„ 

— — — - — -— = max max — — — - — — - , 1 < 1, j, k, I < 3 . 

OXiOXjOX^OXi l<m<9 (t, M)e K[ OXiOXjOX^OXi 

Corollary 3.4 3 Mt 3 > , and Mt 3 is independent with M , K\ , V h± G 0(7 , we can gei the 
following, 

max{ 1^(^2)1 , I 1^| , I ^ I , 1 < j < 9 , 1 < / < 2 , 1 < » < 3 .} < MM T , sM^) . 
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From the corollary 3.4 , we can get 

{WjifaXxJ-WflfaXxtil < AMM T , sMiKJlxt-a/tl < MM T) ^M{K x )\x t - x' t \ a , V x t , x' t € K[ 

where 



1 < i < 9 , l<l <2 , M T , 4 = 4M T , 3 max \x t - x' t \ l ~ a 

x t , x' t £K[ 



Now we can get 



\ gj {h!)\ = \F~ 1 (aj 1 Y 1 )F~\aj 2 Y 1 )+F~ 1 (aj 1 Y 1 )W j2 (h 2 ) + 

F-\a^ 2 Y l )W jl {h 2 ) + W j i{k 2 )W j 2(k 2 )\ 

< 8M + 29M 2 M T) zM{Ki) + [MM T> Z M{K X )} 2 , 1 < j < 9 



And from 



9j{ h i){ x t) ~ 9j{hi){x' t ) 
= F-^aj^ix^F-^aj^ixt) + F^ia^Y^x^W^h^xt) + 
F-VJ 2 *i)(z*)^i(M(zt) + W^h^x^W^h^xt) - 
[F~\aj 1 Y 1 )(x[)F~\aj 2 Y 1 )(x' t ) + F~ 1 (aj 1 Y 1 )(x' t )W j2 (h 2 )(x' t ) + 
F- 1 (aJ 2 F 1 )(x;)W jl (/ l2 )(^) + W n (h 2 )(x' t )W j2 (h 2 )(x' t )] 

= F-Haj^ix^F-Haj^ixt) - F^^Y^F' 1 ^^) + 

F-^aj^XxtXW^h^xt) - W j2 (h 2 )(x' t )) + (F-^aj^Xxt) - F^Ji^X^))™^)^) + 
F-Haj^ixtXW^h^xt) - W n {h 2 ){x' t )) + (F-^aj^ixt) - F~\a] 2 Y 1 )(x' t ))W jl {h 2 )(x' t ) + 
Wj^h^xt^W^h^xt) - W j2 {h 2 ){x' t )) + (WjifaOfo) " Wj-i(h 2 )(xJ))W r i2 (/»2)(xi) , 

we can get 

\ gj {hi){x t ) - gj {hi){x' t )\ < 

{d + 2[8M 2 M Tt 4 M{Ki) + C x MMt, zM{K x ) + M 2 M T , 3 M T , 4 M(Eri) 2 ]}|xj - x' t \ a , 1 < j < 9 . 

Hence g{h\) = (gj(hi))g x i G f^c* , if the followings are true. 

BM + 26>M 2 Mr, zM{K x ) + [MM T , 3 M(i^i)] 2 < M , 

Ci + 2[6»M 2 M T , *M(Ki) + dMM T , 3 M(.Ki) + M 2 M T , 3 M T , 4 M(i^ 1 ) 2 ] < C . 

If we let C is big enough, and from the assumption 1.1, if we let 

1-0 

~ M T} 3 M(Ki)(2(9 + M T , 3M(Ki)) ' 

then (3.8) will be true. 

At last we need to prove the mapping T : hi — > g{h\) is continuous about /ii in the $7c • 

We assume \h\ — h*\ — > , when n — > +oo , and h\ , h* £ Vtc , n > 1 , from the lemma 3.1 we 
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know that there exist h { 2 ] = h { 2 n) I K[ G C l [0, T]f]C°°(Ki) , h* 2 = h* 2 I K[ G C l [0, T]nr(^) , 
such that F(^ n) ) = a 2 brF{h ( 2 n) ) , F(h\) = a 2 bTF(h*) , where 

■u (n) (t,M ) = - — / — dxidx 2 dx 3 , and M = (x 1 ,x 2 ,x 3 ) , M = (xi ,x 20 , x 30 ) , 

47r JK t r MM 

h 2 '(t,M) = (——y / e <*«-i> dyidy 2 dy 3 dn , 

■u*(£,M ) = -— / -^— - dxidx 2 dx 3 , and M = (jci,cc2,»3) , Md = (^10,^20,^30) , 

4vr y^ r A ./M 

h 2 (t,M) = (——y / — — e ^'<*-i> dy x dy 2 dy 3 dT X . 

From the Lebesgue dominated convergence theorem, we can get \v^ n ' — v*\ — > , when n — > +00 . 
And we know the partial derivation of h 2 which is no more than the third order, only do the partial 
derivation with the variables x\ , x 2 , x 3 , can pass through the integral. Again from the Lebesgue 
dominated convergence theorem, we can get when n — > +00 , 

(n) dh { 2 n) dh\ a 2 4 n) d 2 h* 2 



dxi dxi ' dxidxj dxidxj 

d 3 h { 2 n) d 3 h* 2 

, l<i , j , k<3 . 



dxidxjdxk dxidxjdxk 
Hence we can get when n — > +00 , 

i^-i(4 n) ) - WjiQ^)\ -> , i^i(4 n) ) - ^1(^2)1 -> , 1 < j < 9 . 

Now we can get 

\ 9j (hP) - 9j (hl)\ 
= iF-VJi^^V^i) + F-Haj^W^h^) + F-Haj^W^h^) + W n {h { 2 n) )W ]2 {h { 2 n) ) 
[F-Haj^F-^aj^) + F" 1 (aj^W ' j2 (h* 2 ) + F' 1 { a ] 2 Yi)W n {h* 2 ) + W n (h* 2 )W j2 (h* 2 )]\ 

< |F- 1 (aJ 1 y 1 )||^ 2 (4 n) ) " W j2 (h* 2 )\ + \F~\aj 2 Yi)\\W n (h { 2 n) ) " W n (h* 2 )\ + 
\ Wjl (h^) - W n (h* 2 )\\W j2 (h { 2 n) )\ + \W n (h* 2 )\\W, 2 (h { 2 n) ) ~ W j2 (h* 2 )\ 

< [9M + MM Tt 3 M{K{)] [ |^-i(4 n) ) - Wflihfil + \W j2 (h ( 2 n) ) - W j2 {h* 2 )\ } , 

this means that | ^ (^1 ) — 9j(h*)\ ~ > , 1 < J < 9 , when n — > +00 . 

Hence T is continuous about h\ in the £lc ■ According to the Schauder fixed-point theorem we can 

learn that there exists hi G £lc , such that hi = g(hi) ■ And V j , 1 < j < 9 , we know that 

9j (hi) = F- 1 {a]iY x )F- 1 {a] 2 Yi) + F~ l (aj^W j2 (h 2 ) + F~ x (a] 2 Yi)W n {h 2 ) + Wji{h 2 )W j2 {h 2 ) , 

where h 2 = h 2 I K[ G C^O, T] f| C°°{Ki) , and W,i(/i 2 ) , ^2(^2) , 1 < j < 9 , are the functions to 
do the partial derivation with the components of h 2 no more than the third order and their linear 
combination, moreover only do the partial derivation with the variables xi , x 2 , x 3 . And the 
components of F~ l (aJ 1 Yi) , F~ 1 (aJ 2 Yi) , 1 < j < 9 , are all in the H[F~ 1 (Yi)] , moreover 

H[F~\Yi)] = H[F-\Yi)]I K[ G C\K[) . 
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This means that gj(h\) £ ^{K^) , 1 < j < 9 , hence the fixed-point 

h 1 =g(h 1 ) = (g :J (h 1 )) 9xl eC 1 (K[). 

At last if we let Z\ = F(hi) , where hi is the fixed-point of g(hi) , then Z\ S Sl 2 ; and Zi is the fixed 
point of f{Z\) . This is also to say that the smoothing solution for the Navier-Stokes equations is 
globally exist, and we can get the following. 



Ul = elZ = el[F~ 1 {Y 1 +A 1 {r l )Z 1 )}=w 17 + w 27 

o2 r_ q2 il q2 1, 

^33 



d 2 F 21 d 2 F 31 d 2 F u d 2 F u d 2 h 31 d 2 h 31 d 2 h 32 d 2 h 3 



dx\dx 2 dx\dx 3 dx\ dx 2 dx\ dx\ dx\dx 2 dx\dx 3 
u 2 = e^Z = e^[F- 1 {Y l + Ai (77)^1)] = w lu + w 211 

d 2 F u d 2 F 31 8 2 f 2 ^_^f 2 ^ ^32 d 2 h 32 d 2 h 31 d 2 h 33 

1 ~7^ ^ ~ o 7^ o r 7^ o r 



dx\dx 2 dx 2 dx 3 dx 2 dx 2 dx 2 dx 2 dx\dx 2 dx 2 dx 3 
u 3 = e\ x Z = el 1 [F~ 1 (Y 1 + Ai(»/)Zi)] = U) U5 + w) 2 i5 

a 2 F n d 2 F 21 (pFn_d 2 F 31 a^s a 2 ^ 5^31 d 3 h 32 



dx\dx 3 dx 2 dx 3 dx 2 dx 2 , dx 2 dx 2 dx\dx 3 dx 2 dx 3 

eJ & Z = eiet-F -1 ^ + AifaJZi)] = wn 6 + w 2 i6 

1 dF n 9F 21 dF 3l d 2 F u d 2 F 21 d 2 F 31 

t dx\ dx 2 dx 3 dtdx\ dtdx 2 dtdx 3 

1 s 2 h 31 d 2 h 32 d 2 h 33 (j, dAh 31 dAh 32 dAh 33 

t dtdxi dtdx 2 dtdx 3 r dx\ dx 2 dx 3 



where 



*>*>)— ZJ K1 



hi(t,M) 

TMM a 



dxidx 2 dx 3 , and M = (x 1 ,x 2 ,x 3 ) , M = (x 10 ,x 20 , x 30 ) 



h u nr\ ( l \3 f f v(n,yi,y2,y3) - ^-«^ 2 +(p-^ 2 +^-y^ 2 

h 2 {t,M) = (— -—) / / — e *M*-n) dyidy 2 dy 3 dTi , 

h 3 \ = h 21 + h 22 + h 23 , h 32 = h 2A + h 25 + h 26 , h 33 = h 27 + h 28 + h 29 , 

F jl {t,M) = {— = Y / e **-<*-n) dyidy 2 dy 3 dn , 

F jv (t,M ) = ~ [ Fji - t,M ' d Xl dx 2 dx 3 , 1 < J < 3 , 

and /ii is the fixed-point of g(h\) , where g(h\) = (ffj(^i))gxi , and 
gjih) = F-^aJ^F-^ajzYi) + F' 1 (^Y^Wjifa) + i^ 1 (^2*1)^1 (/i 2 ) + Wj-i^W^) , 
1 < i < 9 . And because Zi = F(h\) £ Q 2 , we can get 

«j e c 2 [o, r] f| c 00 ^) , 1 < j < 3 , P e c l [o, t] f| 0°°^) . 

Finally we say our sincerely thanks to Schauder according to at least two points as following. 
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(l)The Schauder fixed-point theorem. 

(2)If hi is Holder continuous, dK\ satisfies the exterior ball condition, then the smoothing solution 
of Poisson's equation exists. This is also proved by Schauder, and it leads to that the Newtonian 
potential of h\ , 

-If hi 
/ dxidx2dx3 

4?r Jk x r MM 

is a solution of Poisson's equation. 

If there is no important help from Schauder, we can not see so far with the Navier-Stokes equations. 
Maybe you will ask why not to do the Laplace transformation with the variable t just as usual. It 
is very difficult to discuss the fixed-point of f{Z\) if we do that. We have tried to do the Laplace 
transformation with the variable t , but we can not discuss the inverse Laplace transformation in 
f{Z\) . This is the reason why we also do the Fourier transformation with the variable t . 

References 

[1] David Gilbarg, Neil S. Trudinger, Elliptic partial differential equations of second order, Springer- 
Verlag, Heidelberg, New York, 1977. 

[2] Chaohao Gu, Daqian Li, Shuxing Chen, Songmu Zheng, Yongji Tian, The mathematical-physics 
equations, (second edition), Higher education press, 2005. 

[3] Gongqing Zhang, Yuanqu Lin, Functional analysis, Peking university press, 2010. 

[4] Pieter Wesseling, Principles of computational fluid dynamics, Springer- Verlag Berlin Heidelberg 
2001. 

[5] Shuxing Chen, The general theory of the partial differential equation, Higher education press, 
1981. 

[6] Daqian Li, Tiehu Qing, Physics and partial differential equations, (second edition), Higher edu- 
cation press, 2005. 

[7] Caisheng Chen, Gang Li, Jidong Chou, Wenchu Wang, The mathematical-physics equations, 
Science education press, 2008. 

[8] Jingpu Lu, Zhi Guan, The general theory of the partial differential equation, Higher education 
press, 2004. 



32 



